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Short Equational Bases for Ortholattices:
Proofs and Countermodels

W. McCung* R. Padmanabhan! M. A. Rose R. \eroff

Abstract

This document contains proofs and countermodelsin support of the paper “ Short Equational Bases for Or-
tholattices’, by the sameset of authors. In that paper, short single axiomsfor ortholattices, orthomodular lattices,
and modular ortholattices are presented, al in terms of the Sheffer stroke. The ortholattice axiom is the shortest
possible. Other equational basesin terms of the Sheffer stroke and in terms of join, meet, and complement are
presented. Computers were used extensively to find candidates, reject candidates, and search for proofs that
candidatesare single axioms.

1 Introduction

This report supports the (primary) paper “Short Equational Bases for Ortholattices’ and the Web page Short
Equational Bases for Ortholattices. Web Support [9]. The primary paper is essentially an extended abstract
intended for a wide audience, the Web page is intended for immediate support, and this report is intended for
archival support.

The overall structure of the three documentsis similar, with the same section titles (even when the sections are
empty). The primary paper contains no proofs, countermodels, or filters. The Web page contains proofs, counter-
models, filters, and information on the software and methods used. This report contain the proofs, countermodels,
and filters.

2 Equational Bases

First we define a chain of varieties from latticesto Boolean algebrain terms of join, meet, and complement. Then
we go from ortholattices to Boolean algebra in terms of the Sheffer stroke.

2.1 In Terms of Join/M eet/Complement

This section contains multiequation bases, in terms of join, meet, and complement, for lattices (£), ortholattices
(OL), orthomodular lattices (O.M L), modular ortholattices (MO.L), and Boolean algebra (B.4). This develop-
ment is not far from a standard development; and in the cases where it does depart, we prove the corresponding
theorems and other theorems that may be of interest. For example, our basis for lattice theory does not contain
commutativity, so we prove it; and we use a nonstandard modularity axiom, so we prove it equivalent (given
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lattice theory) to the standard axiom. Note that each of the bases for OL, OML, MOL, and BA contains the
equation A y = c(e(z) V e(y)), which alows us, if we wish, to rewrite the bases to be in terms of join and
complement only.

Also, with the exception of B.A, we prove independence of the bases by giving countermodels found by
Mace2. Many of the independence proofs are trivial, and we could give arguments without the help of Mace2, but
we have included the Mace2 countermodels to emphasize the “automatic” nature of the work.

211 LatticeTheory

The followingis a4-basisfor lattice theory (£) interms of join (V) and meet (A).

tV(yvzy=yV(zVz) %AJ
eAYAz)=yA(zAz) %AM
eV(zthy) == % B1
tA(zVy) == % B2

Note that thisbasis is self-dual; that is, the dual of each member is also a member.

A more standard basis for lattice theory is the 6-basis (also self-dua) consisting of B1, B2, and the commu-
tativity and associativity of meet and join. Deriving commuitativity of join (or of meet) from the 4-basis above
shows that it is equivalent to the 6-basis. The following is an Otter proof of commutativity (idempotence is also
proved).

Proof LT1

1 AV B# BV A | $4Ans(CJ) (1
2 AVA#A | $Ans(1J) [
4 tV(yVvz)=yV(zVz) ]
5 eAYANz)=yA(zAz) ]
6 eV(zANy) =« (1
8 tA(xVy) =« (1
12 eV(yVv(eAnz)=yVe [6— 4]
14 rhNe ==z [6— 8]
18 rVe=uzx [8— 6]
20 $SAns(1J) [18,2]
21 tA(yAe)=yAwx [14 — 5]
74 eV (yhe) ==« [21 — 6]
169 rVy=yVez [74 — 12]
170 $SAns(CJ) [169,1]

The following two Mace2 jobs show independence of the £ 4-basis {AJ, AM, B1, B2}.

Countermodel LTa

X" (y "~ z) =y~ (x" 2). % AM
X Vv (x "y =x % B1
X" (x vy) =X % B2
Av (Bv(CQ !'=Bv (Av Q. % deni al of AJ



AilO 1 vi|o 1
C.0 B:0 Al 0|0 O 0|0 O
110 1 1(1 1
Table 1: LTaout
Countermodel LTb
XVv(yvz)=yv(xvz). % AJ
X" (y "~ z) =y~ (x" 2). % AM
X" (x vy) =X % B2
Av (A" B I'= A % deni al of Bl
vi|0o 1 AilO 1
B:0 A:1l 0|0 O 0|0 1
10 O 11 O

Table 2; LTbh.out

2.1.2 Ortholattices

The followingis a 5-basis for ortholattices (O£) in terms of join (V), meet (A), and complement (c).

tV(yvzy=yVv(zVz) %AJ
eV(zthy) == % B1
Ay =c(c(x) Vely) % DM
cle(z)) = % CC
zVe(r)=yVely) % ONE

If we start with the lattice theory 4-basis {AJ, AM, B1, B2} and restrict that to the ortholattices by adding {DM,
CC, ONE}, then AM and B2 become dependent. The following are Otter proofs.

Proof OL1

6,5
8,7
10
11
45
46

Proof OL2

6,5
8,7
10

x\7(y\/z):y\/(x\/z)
Ay =c(e(z) Ve(y)

cle(z)) ==

AN(BACY#EBAANC) | $Ans(AM)

c(e(B) V (e(A) V e(C))) # e(e(A) V (e(B) V e(C)) | $Ans(AM)
cle(A) V (e(B) Ve(C))) # e(e(A) V (e¢(B) Ve(C))) | $Ans(AM
$Ans(AM)

x \7(9: Ay)=x

Ay =c(e(z) Ve(y)

cle(z)) ==

AN(AV B) #A | $4Ans(B2)

[]

[]

[]

[]

(]
[10,6,6,8,6,6,8]
[2— 11]
[45,1]

[]
[]
(]
[]
(]



11 cle(A)Ve(AV B)) # A | $Ans(B2)
12 zVe(le(z)Vely) ==

33 eVe(le(z)Vy) ==

50,49 c(z) Vel Vy) =c(x)

53 A+ A | $Ans(B2)

54 $Ans(B2)

The following Mace? jobs show that the O £ 5-basis {AJ, B1, DM, CC, ONE} isindependent.

Countermodel OLa

X Vv (x "y =x % B1
x Ty =c(c(x) v c(y)). % DM
c(c(x)) = x. % CC
X Vve(x) =y vec(y). % ONE
Av (Bv(CQ !'=Bv (Av(O. %denial of Al
Ail0 1 2 vi|0 1 2
] ] ) c|0 1 2 0(0 0 O 00 0 O
.0 B:0 Al 0 2 1 111 1 O 1({1 1 O
212 0 2 212 0 2
Table 3: OLaout
Countermodel OLDb
XxXVv(yvz)=yv(xvz). % AJ
X Ty =c(c(x) v c(y)). % DM
c(c(x)) = x. % CC
X Vve(x) =y vec(y). % ONE
Av (A" B I'= A % deni al of Bl
_ vi|0 1 Ar|0 1
B:0 Al L’% 0[0 0 0[0 0
10 O 110 O
Table 4: OLb.out
Countermodel OLc
XVv(yvz)=yv(xvz). % AJ
X Vv (x "y =x % B1
c(c(x)) = x. % CC
X Vvece(x) =y vec(y). % ONE
A" B!=c(c(A v c(B)). % deni al of DM
vi|o 1 A0 1
B:0 A0 -C 2 é 00 0© 01 0O
10 1 111 1

Table 5: OLc.out

[10,6]
[3:6]
[7—12]
[7— 33]
[11:50,8]
[53,1]



Countermodel OLd

XVv(yvz)=yv(xvz). % AJ
X Vv (x "y =x % B1
X Ty =c(c(x) v c(y)). % DM
X Vv ec(x) =y vec(y). % ONE
c(c(A)) '= A % deni al of CC
vil]o 1 2 ArlO 1 2
A0 c|0 1 2 0|0 1 O 0|12 2 2
' 1 2 1 1711 1 1 112 1 2
2|10 1 2 212 2 2
Table 6: OLd.out
Countermodel OLe
XVv(yvz)=yv(xvz). % AJ
X Vv (x "y =x % B1
x Ty =c(c(x) v c(y)). % DM
c(c(x)) = x. % CC
Av c(A !'=Bv c(B). % deni al of ONE
vil]o 1 2 AilO 1 2
. c|0 1 2 0|0 0 O 0/0 1 2
B:0 Al 2 1 0 110 1 1 111 1 2
2|0 1 2 212 2 2

Table 7: OLe.out

2.1.3 Orthomodular Lattices

The following is a4-basis for orthomodular lattices (O M L) interms of join (V), meet (A), and complement (c).

tV(yVvz)=yV(zVz) % AJ
eV(zthy) == % B1
Ay =c(c(x) Vely) % DM

c
eV (c(r)A(zVy)=2Vy %OM

If we add the orthomodular law OM to the ortholattice 5-basis {AJ, B1, DM, CC, ONE}, then CC and ONE
become dependent. The followingisan Otter proof.

Proof OML1

1 c(e(A)) # A | $Ans(CC) (1
2 AVe(A) #BVe(B) | $Ans(ONE) i
4 tV(yVvz)=yV(zVz) 1
5 eV(zANy) =« [
8,7 Ay =c(e(x) Ve(y) [
9 zV(c(@)AN(zVy)=aVy [
10 zVe(lele(z))Ve(xVy)=aVy [9,8]
12 zVe(le(z)Vely) == [5:8]



17,16 zVe(le(n)) == [12 — 12]

21,20 eV (yVele(n)) =yVve [16 — 4]
27,26 eVe(le(z)Vy) == [10 — 12]
32 eV (yVele(z)Vz)=yVa [26 — 4]
34 tVe(yVelr)) == [20 — 26]
36 zVe(lele(z)) Velyva)=yVa [20 — 10,21]
44 c(z) Ve(x) = c(x) [16 — 34]
67,66 cle(e)) Ve =« [44 — 20,17]
76 cle(e(e(x)))) Ve =« [66 — 20,17]
84 cle(x))V(yve) =yVe [66 — 4]
91,90 cle(e(x))) = e(x) [76 — 26,67]
92 cle(z)) Vele(e(z)) Velr)) == [76 — 10,91,91,91,91,67]
115,114 cle(z)) Ve(y Ve(z)) = e(e(x)) [90 — 34]
119,118 cle(z)) == [92:115]
120 $Ans(CC) [118,1]
127 tV(yVe)=yVe [84:119]
143 eVe(xVelyva)=yVa [36:119]
153 c(z) Vel Vy) =c(x) [118 — 26]
170 cle(z) Vy) Ve == [26 — 127,27]
203 c(xVy) Ve(z) =c(x) [118 — 170]
232 rVy=yVua [34 — 32
239 (zvy)Vy=azVy [127 — 232]
245 tV(yVvz)=(@Vz)Vy [4— 232
268,267 (zVy)Ve=yVe [232 — 239]
354,353 cleVy) VelyVe)=clzVy) [267 — 153]
411 clxVy) =clyVe) [267 — 203,354]
642,641 (xvy)Vez=aeV(yVz) [232 — 245]
646 tV(yVz)=a2V(zVy) [267 — 245,642,642,268,268,642]
1231 eV (yVelr))=clz) Ve [143 — 32]
1243 clm)vVe=aV(yVe()) [1231]
12551254  c(xVy) V(zVy) =z V (yVc(x) [153 — 1231,642]
1264,1263 zV (yV(zVe(xVy))) =2V (yVe(r)) [641 — 1231,1255]
1472,1471  c(xVy) V(yVa) =y V (zVc(y)) [411 — 1243,642,1264]
1474 eV (yVelx) =yV(zVely) [646 — 1243,1472,642,1264]
1482,1481 =z V (yVe(z)) =2 Ve(n) [232 — 1243]
1485 zVe(zr)=yVe(y) [1474,1482,1482]
1486 $Ans(ON E) [1485,2]

The following Mace? jobs show that the O M L 4-basis {AJ, B1, DM, OM } isindependent.

Countermodel OMLa

X Vv (x "y =x % B1
X Ty =c(c(x) v c(y)). % DM
X Vv (c(x) " (xvy)) =xvVvy. % OM
Av (Bv(CQ !'=Bv (Av Q. % deni al of AJ
_ A0 1 vi|0 1
co BOo A1 S gé o‘oo 0[0 0
10 O 111 1

Table 8: OMLa.out



Countermodel OMLDb

XxXVv(yvz)=yv(xvz). % AJ
X Ty =c(c(x) v c(y)). % DM
X Vv (c(x) " (xvy)) =xVvy. % OM
Av (A" B I= A % deni al of Bl
_ vi|0 1 Ar|0 1
B:0 Al C‘Sé 00 0© 0[0 0
10 O 110 O
Table 9: OMLb.out
Countermodel OMLc
XVv(yvz)=yv(xvz). % AJ
X Vv (x "y =x % B1
X Vv (c(x) " (xvy)) =xvVvy. % OM
A" B!=c(c(A v c(B)). % deni al of DM
_ vi|0 1 A0 1
B:0 Al C‘Sé 0(0 0 00 1
10 1 111 1
Table 10: OMLc.out
Countermodel OMLd
XxXVv(yvz)=yv(xvz). % AJ
X Vv (x "y =x % B1
X Ty =c(c(x) v c(y)). % DM
Av (c(A - (Av B) I'=Av B % deni al of OM
vi|0 1 Ar|0 1
Bo A1 S121 00 0 01 1
10 1 111 1

Table 11: OMLd.out

2.1.4 Modular Ortholattices

The following is a 6-basis for modular ortholattices (MO L) interms of join (V), meet (A), and complement (c).

tV(yVz)=yV(zVz) % AJ
eV(zthy) == % B1
Ay =c(c(x) Vely) % DM
cle(z)) = % CC
zVe(r)=yVely) % ONE
tVyA(zvz)=zV(zA(xVy) %MOD

This basisis simply our ortholattice 5-basis plus the modularity law MOD. The following Otter proof shows that
the orthomodular law OM holdsin MOL.



Proof MOL1

3 eV(zANy) =«

6,5 wAy—C(()de)

8,7 c(e(w)) =

9 zVe(zr)=yVe(y)

10 x\/(y/\(x z))=aV(zA(zVy)

11 J:\/c( (y) Ve(eVz)=aVe(e(z) VelrVy))
12 V(c(A)A(AV B)) #AV B | $Ans(OM)
13 A\/c(A\/c(A\/B));éA\/B | $Ans(OM)

14 zVe(le(z)Vely) ==

18 c()\/x:y\/c(y)

19 zVe(z)=cly) Vv

40,39 zVe(e(y) vV y)

50 zVe(zVe(rV )) =xVy

52 $Ans(OM)

A more common modularity law is

tVyn(zvz)=(eVy A(zVz) %MOD2

The following are Otter proofsthat MOD and MOD2 are equivalent in lattice theory.

Proof ML1

2 tV(yVvz)=yV(zVz)

3 eAYANz)=yA(zAz)

4 eV(zANy) =«

7,6 tA(xVy) =«

8 eV(yA(xVz)=aV(zA(zVy)

9 A\/(B/\(AVC))#(A\/B)/\(A\/C)|
10 (AVB)A(AVC)#£ AV (BA(AVE)) | $4
13 x\/(y\/(x/\z)) yVve

15 rAhNrx==zx

17 tA(yV(eVz)=x

20,19 xrVer=uz

21 sA(yNz)=yAzx

23 AyA(eVz)=yAx

31 V({eVy)Vy) =xVy

36,35 tA(yvVe) ==«

47 V{yAe) ==

59 (e A (VDAY (A V) =2 AV 2)
64,63 (zvy)Vy=azVy

71 tV(zVy) =xVy

81 (zVy) Ay=y

302 tV(yVvizAyve))=yVe

311,310 (xVvy)A(zV(yAz) =2V (yAz)

356 TANy=yAz

367 eA(yANz)=(xAz)Ay

369 (AVOYN(AVB) £ AV (BA(AVE)) | $Ans(MOD?2)
2164 ((xvyAevVz)A(zVEAVY))=(@VYy Az Vz2)

22222221  (x Ay)ANz=xA(yAz)

$Ans(MOD2)
ns(MOD?2)

(]

(]

(]

(]

(]
[10,6,6]

(]
[12,6,8]
[3:6]
[7—9]
(18]

[19 — 14]
[19 — 11,40,8,8]
[50,13]

(]

(]

(]

(]

(]

(]

(9]

[4— 2]
[4— 6]
[2— 6]
[6— 4]
[15— 3]
[6— 3]
[2— 19]
[19 — 17]
[19 — 8,7,20]
[8 — 35]
[35— 47]
[31:64]
[35— 21,36]
[8 — 13]
[13 — 81]
[35— 23]
[3— 356]
[356 — 10]
[71 — 59]
[356 — 367]



2260,2259
4218
4219

Proof ML2

10,9

(VY AleV(zA(zVy))=(&Vy AV z)
(zvVy)AN(xVz)=aV(zA(2Vy)

$Ans(MOD2)

tV(yVvz)=yV(zVz)

eAYANz)=yA(zAz)

eV(zANy) =«

tA(xVy) =«

eVyA(zvz)=(eVy A(zVz)
(zVy)A(zVz)=zV(yA(zVz)
AV(BANAVQO)#AV(CAAVB)) | $Ans(MOD)
AV(CA(AVB)#£AV(BA(AV D)) | $4Ans(MOD)
tA(yV(evze) ==

rVr=ux

rANy=yAzx
eV(yA(xVz)=aV(zA(zVy)
$Ans(MOD)

[2164:2222,311]
[302 — 81,2260]

[4218,369]

[l

(1

(1

(1

(1

(8]

[l

[11]

[2— 6]
[6— 4]
[6— 3]
[21 — 19]
[37 — 25]

[9 — 363,10]

[375,12]

The following Mace2 jobs show that the MO L 6-basis {AJ, B1, DM, CC, ONE, MOD} isindependent.

Countermodel MOLa

Countermodel MOLb

> X X O X X

v (x 7 y) = X % B1
Ty =c(e(x) voe(y)). % DM
(c(x)) = x. % CC
v c(x) =y v c(y). % ONE
V(y  (xvz)=xv(z" (xvVvy)). % MOD
v(BvCg I!=Bv (Av Q. % deni al of AJ
ArlO 1 2 vil]o 1 2
. c|0 1 2 0|0 0 O 0|0 0 O
co B0 Al 0 2 1 11 1 O 111 1 0
2|12 0 2 212 0 2
Table 12: MOLa.out
V(yvz) =yv(xvz). % AJ
Ty =c(e(x) voe(y)). % DM
(c(x)) = x. % CC
v c(x) =y v c(y). % ONE
vy (xvz)=xv(z" (xvVvy)). % MOD
v (A" B I=A % deni al of Bl



clo 1 vi|0 1 Arl0 1
B:0 Al : 01 0|0 O 0|0 O
10 O 110 O
Table 13: MOLb.out
Countermodel MOLc
XVv(yvz)=yv(xvz). % AJ
X Vv (x "y =x % B1
c(c(x)) = x. % CC
X Vve(x) =y vec(y). % ONE
XV (y  (xvz)) =xvVv(z  (xvy)). % MOD
A~ B!=c(c(A v c(B)). % deni al of DM
vi|0 1 Ar|0 1
Bo A0 S22 0[0 o 01 1
10 1 111 1
Table 14: MOLc.out
Countermodel MOLd
XVv(yvz)=yv(xvz). % AJ
XV (x "y =x % B1
X Ty =c(c(x) v c(y)). % DM
X Vve(x) =y vec(y). % ONE
XVv(y  (xvz)) =xvVv(z  (xvy)). % MOD
c(c(A)) '= A % deni al of CC
vi|0 1 2 AilO0 1 2
A0 c|0 1 2 0|0 1 O 0|12 2 2
' 1 2 1 1711 1 1 112 1 2
2|10 1 2 212 2 2
Table 15: MOLd.out
Countermodel MOLe
XxXVv(yvz)=yv(xvz). % AJ
X Vv (x "y =x % B1
x Ty =c(c(x) v c(y)). % DM
c(c(x)) = x. % CC
XV (y  (xvz)) =xvVv(z  (xvy)). % MOD
Av c(A !'=Bv c(B). % deni al of ONE

vil]o 1 2 ArlO 1 2

_ c|0 1 2 0/[0 0 O 0/0 1 2

B:0 Al 2 10 110 1 1 111 1 2
2|0 1 2 212 2 2

Table 16: MOLe.out

10



Countermodel MOLf

XVv(yvz)=yv(xvz). % AJ

X Vv (x "y =x % B1

X Ty =c(c(x) v c(y)). % DM

c(c(x)) = x. % CC

X Vv e(x) =y vec(y). % ONE

X v c(x) = 1. % ONEa

c(1) = 0. % DEF_O

Av (B (Av(Q)!=Av (C” (Av B). %denial of MXD

cc|0 1 2 3 4 5

C:.2 B:3 A:4 I 10 3 2 5 2
vi|0O 1 2 3 4 5 A0 1 2 3 4 5
0|0 1 2 3 4 5 0/0 0O 0 0 0O O
1712 1 1 1 1 1 110 1 2 3 4 5
2|12 1 2 1 1 5 2|0 2 2 0 0 2
3/3 1 1 3 3 1 3/0 3 0 3 4 0
414 1 1 3 4 1 410 4 0 4 4 0
5|5 1 5 1 1 5 5/0 5 2 0 0 5

Table 17: MOLf.out

2.15 Boolean Algebra

The following is a4-basis for Boolean algebra (B.4) interms of join (), meet (A), and complement (c).

tV(yVz)=yV@Vvz) %AJ

Ay =c(c(x) Vely) % DM
zVe(r)=yVely) % ONE
(zVvely) AzVy =2 %CUT

The following are proofs of distributivity, modularity, CC, and B1 from the 5.4 4-basis.

Proof BA1

2 tV(yVvz)=yV(zVz)
3 Ay =c(e(z) Ve(y)
4 cle(z)Vely) =z ANy
7 (zVely) AN(zVy) ==

10,9 eVe(r)=1

12,11 (1) =0

13 ANBVC)#E(AANB)V(AANC) | $Ans(DISTI)
14 tV(yVzVu))=2zV(zV(yVu)
15 tV(yVzVu))=yV(zV(zxVu)
17,16 1vo=1

18 eV(yVelz)=yVvl1

20 tV1=1V(zV0)

21 1V (EV0) =2V

22 cOVe(x)=1Ax

24 c((x Ay) Ve(z)) = (e(x) Vely) Az
27,26 cle(z)v0) =z Al
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(]

(]

(3]

(]

(]

[l

[l
[2—2]
[14]
[11— 9]
[9—2]
[16 — 2]
[20]

[11 — 4]
[4— 4]
[11 — 4]



29,28
30

32

34

36

38

39
41,40
42
45,44
46

48

50

52
55,54
58

59
63,62
64

66

70

72
85,84
90

94

98
105
127
130
137
141
161,160
163,162
174
178
182
185,184
191
196,195
197
199
200
201
202
205
210
212
226
234
240
250
255
258
260

1

yV(zVv1)

(yV(zVu))

z\)/(x\/(y\/u))):x
Vv

ENg

<

e

N

[l

ENg
<~ <

2NVz))=eV(yVz)
(zV(xVvu)) ==

)=yVl1

y) =zV1

JVe(zVv 1)) Ay

=

=

<

So>>< >
> %

[4— 4]
[9—4,12]
[4— 9]

[11 — 30]
[4— 30]
[20— 2]
(38]

[11 - 7]
[4—7]
[9—7]
[20 — 7,12]
[16 — 7]
[9—7]
[(2—7]
[2— 44]
[21 — 2]
(58]

[11 — 22]
[4— 22]
[22 = 7]
[22 — 9]
[62 — 7]

[4 — 26]
[26 — 9]
[9— 14]
[2— 14]
[14 — 7]
[15 — 44]
[15— 7]
[26 — 18]
[4— 18]
[40 — 24]
[34 — 24,161,63,12,10]
[62 — 70,45]
[44 — 70]
[174 — 40]
[174 — 21]
[182:185,45]
[26 — 28]
[48 — 28,161,17,12,12]
[44 — 28,12]
[40 — 28]
[199]

[200]

[28 — 9]
[191— 7]
[191 — 2]
[50 — 90,161]
[26 — 32]
[40 — 32]
[2— 178]
[178 — 14]
[178 — 2]
[255]



263,262
278
287,286
306
312,311
314
322
325
334
376
380
388
390
392
399,398
422
424
440
444
448
466
500
505
520
561,560
580
582
584
618
631,630
643
658
662
665
669
683
685
688,687
703,702
710
732
755,754
772
778
788
791,790
792
794
806
811,810
814
840
860
862

VO)VO=1
Yy=a2A(e(yVO)Ve(lV(yV0)))
0

P

88 ~
< < >

S

c(y) V(zAL)) =

=
Nt
>
0
()
28—
™0
—_
=
Nt
Il
X

1

SIES
<
SH
>
-
I
&

R ~—
=
I

e
/QH R 38 8 ©OR8 &8 %
<
]

5 &

—— <<
< <@ B e O
[T

—~

<

<

~— =

N

=

Il

]

)
IAh)vi=(0vl)vV
Al=0Vl1
OV1)Ve(lv(0V0)) =

1
(
1
( 1
VOV AOV(zV0) =z

IAn(Ov1)=1
OV(zv(OVvl)==avl
ovovl) =1
(xVOVI)A(xV(OV0)==z
c(0OV0)=0V1

(1vOvi)Aa(Ovl) =1
cle(z) v(OV1)=2A(0VO0)

)
0V (1V(0V0) =1
OV(OV(@V1)=zV1
c((OV1) V(zAy)) =(0V0)A(c(x) Ve(y))
OV (V(zV(OV0))=xV1
OV (OV(1V(zV0))=xV1
ov (1

V1=0V(0V(1V(zxV0)))
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[210 — 90,161,63,163]
[46 — 28]

[90 — 212,12
[38— 7]

[262 — 46,263,45]
[311 — 46,312,45]
[2— 39]

[322]

[39— 7]

[44 — 42,12]
[191 — 42,12,12]
[26 — 42]

[18 — 42]

[2— 42]

[380 — 70]

[62 — 52]

[26 — 52]

[178 — 52]

[38 — 52]

[14 — 52]

[44 — 390,12]
[14 — 54]

[398 — 46,399,45]
[505 — 2]

[178 — 59]

[46 — 64]

[44 — 64,12]
[582]

[2— 66]

[62 — 240]

[240 — 46,63,631,45,63]
[44 — 84,12]
[658]

[84 — 52]

[84 — 30]

[20 — 643]

[643 — 52]

[643 — 18]
[685:688,55]
[683:703]
[422:703]
[314:703]
[212:703]
[191:703]
[72:703]

[62:703]

[702 — 390,12]
[702 — 28,12,12]
[20 — 778]

[778 — 15]

[790 — 28]

[806 — 15]

[39 — 772]

[860]



866,865
925,924
1073,1072
1187
1211
1229
1232,1231
1294,1293
1296,1295
1318
1325,1324
1327
1440
1589,1588
1624
1683
1704,1703
1705
1755
1762
1867
1877
1911
2367
2369
2378,2377
2396
2403,2402
2462,2461
2463
2468,2467
2479
2484,2483
2485
2532
2564
2583
2605
2613
3123
3344
3353,3352
3541
3895
3924,3923
3928
3964
4033
41124111
4204
4218,4217
4219
4228
4300,4299

—
—

oo

—~y 0 a
— e e e e N
<5<~

—

<<y << <>

O OO O O8 8 =
~—

<

[ s Lo Tove Lo =

=) —_ =
S2>>=

[l

5]

e e L L e o e e Ve T SN
—_

[}
NSy << R
— [}
A>><<<6\<<O
<
=

o T o

=

<=
>

P I o S o o —~ @
I AN N)
<> > >~ <>
O@

—_
o

—
&

=
<
o
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[39 — 792,17

[710 — 18]

[2 — 582

[2— 732]

[18 — 105]

[2— 788]

[178 — 788,561]

[240 — 840,287)

[178 — 840,1232]

[860 — 582,1073]

[20 — 862]

[1318:1325]

[240 — 1229,287,1294,811,287]
[20 — 199]

[7 — 201,161,791,10]
[1624 — 9]

[1683 — 325]

[1683 — 1187,1704,866]
[1705 — 2]

[1755]

[2— 376]

[26 — 424]

[520 — 94]

[11 — 205]

[44 — 205,12

[2369 — 18]

[2369 — 2]

[20 — 2377]

[226 — 325,791,10]
[226 — 1187,791,10,2462,866,791,10]
[2463 — 1762,791,755]
[2463 — 1187,2468,866]
[2479 — 390,12]

[2479 — 618]

[20 — 2483]

[2369 — 2485,2378,2484]
[2564 — 7]

[2532 — 84,27,1589]
[2532 — 32,1589]

[26 — 392]

[2369 — 334,2403,55]
[3344 — 141]

[1295 — 1911,1296,811]
[7 — 2367,161,791,10]
[3895 — 1762,791,755]
[3895 — 1187,3924,866]
[584 — 3928,161,791,10,45]
[44 — 3964]
[3964 — 2396,2378]
[2— 4033]

[4033 — 130]

[4033 — 105]
[4033 — 2396,2378]
[4204 — 2396,2378]



4437,4436
4474
4554
4567,4566
4590,4589
4878
4884
4945,4944
4948
4976
4982
5310,5309
5347
5358,5357
5406,5405
5424,5423
5440,5439
5448
5456,5455
5466,5465
5476,5475
5499
5504,5503
5531
5535
5652,5651
5838,5837
5840,5839
5842,5841
5862,5861
5874,5873
5913,5912
5948
5966
6031,6030
6053,6052
6257,6256
6383,6382
6391,6390
6437,6436
6499,6498
6638
6782
6784
7014
7283

7345
7391
7679
7693
7743
7808,7807

LA (e(0) V (e(0) V 1)) = ¢(0) [94 — 4217]
LA((LV(OVO)V((0VI)V1)=1V(0VO0) [806 — 4219,925]
((0) V1) V1=e0)V1 [18 — 4228]
OvV(1v1) =1 [4228 — 127,4218]
Ivi=0v1 [3541:4567,4300]
(OA(OVe(OV1)))Ve(OVI1)Ve0) =1 [2613:4590]
((OA(OVe(0V1))Ve(OVI))AL=0A1 [2605:4590]
c(IVie(z)v0) =2z A(0Ve(0V1)) [1588:4590]
c((OVO)VO) VeV =(0VI)AL [1440:4590]
cle(z) v) =2 A (((0Ve(0V1))A0)VO0) [197:4590]
OVe(zva)Vv(lve)=0Vvl [258 — 4589]
¢(0) V 1 = ¢(0) [4554 — 54,4437]
e(e(0)) = 0 A (0V e(0V 1)) [4554 — 1327,5310,5310,4945]
c(0)=0v1 [4554 — 810,5310,10,5310,5310]
0A(OV 0V 1)) =e(0V1) [5347:5358]
ovi=1 [4878:5406,5358,3353]
(OVO)AL=0 [2583:5358,5424,5358,5424,703,5424,12,5358,5424]
(OA(OVO)VO)AL=0AT1 [4884:5424,12,5424,12]
1v(ovo) =1 [4474:5424,4590,5424,925,5424,4590,5424,703,5424]
0A(0V0)=0 [5405:5424,12,5424,12]
c(0) =1 [5357:5424]
(OVe(zva)v(lve =1 [4982:5424]
cle(z) v1) =z A (((0V0)A0)VO0) [4976:5424,12]
c((0V0)VO)VO=1 [4948:5424,12,5424,703,5424)]
c(1Vie(z)v0)=2A(0VO0) [4944:5424,12)
Ivi=1 [4589:5424]
c(1V(zAy)=(0V0)A (c(z) Ve(y)) [814:5424]
2A(((0VO0)A0)VO)=zA(0V0) [794:5424,5504]
c(0V0) =1 [790:5424]
IAL=1 [702:5424]
((zva)Ve)Al=zVa [466:5424]
0AT=0 [5448:5466,5440]
c(e(x) V1) =z A(0V0) [5503:5840]
EVOAZ)AL=z [5475 — 390,5652]
(0VO0) A(e(z) Vely) =0A (c(z) Vely) [5475 — 28,5838]
c(IV(zAy) =0A (c(z)Ve(y) [5837:6031]
IN(e(zV(OAZ)VO)=c(0Va) [5966 — 64,12]
Ovo=0 [5531 — 278,12,5842,5456,12,17,5874]
ele(z) V1) = [5948:6383]
c(1V(e(x) Vv )) =z A0 [5535:6383]
OvV(ev0)=2zVvO0 [6382 — 2]
IA(xV0)Ve(xrv0D)=1 [6498 — 3964]
c(IV({(2A0)V0)=(1V(c(x)V0)AD [6436 — 6436]
(IV(zA0))A(c(z)Vv]) =1 [6436 — 444,5652]
OV({(ADV(@EANAZ)VI=2V1 [5499 — 94,161,27,6391,5652]
IN(zAD)V(zAD) =1A=
[278 — 580,6383,5476,6383,17,12,17,6437,161,6383,5476,5424,12,17]
(IA(e(z)VO)V(eAl) =1 [278 — 6638,6383,5476,6383,17,12,17]
(VA @EV(0A(c(y) V1)V (yAQ)) == [6784 — 42,6053,5476,6391]
cOvae)ve=1 [5966 — 7345,6257]
clzvO)vV(zv0o) =1 [6498 — 7679
(IAz)Ve(z)=1 [160 — 7679,6383,5476,5424,12,17]
(zVva)ANl ==

[7679 — 1867,161,6383,5476,5424,12,17,45,5424,161,6383,5476,5424,12,17,45]
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7824

7920
7949,7948
8055
8075,8074
8136
8141,8140
8152

8207

8250

8260

8288

8349
8353,8352
8359
8565,8564
8727,8726
8779

8821

8851

8877

8893

9085

9089
9110,9109
9199

9221

9225
9228,9227
9380,9379
9397

9495
9516,9515
9518,9517
9616,9615
10144
10354
10383
10605
10676,10675
10714,10713
12015,12014
12035,12034
12056
12059,12058
12067,12066
12073,12072
12098
12162
12288
12490
12518
12524
12566

(OVe(zva)vVi=cOV(yVa))V
clzvO)v(zvl) =1
(Ovae)vli=zVvl

clevae)Vi=clOV(yVva)Vv(yVvl

(A V(eA0))AZ)VI=2V1

(

(zva)vi=avl
IAz)VI=zV1
(zAz)VIi=aVl
(IA(c(xva)vO)ve=1

(zv0)=(c(xVva)vi)al

(clxva)VO)AL=rc(x V0)

zVe(leve)=1

@ A (e(2)

(l‘V(

(
(

x\/l)

vV
A
1A
IN(@V(eVe) =«
( zvl)=zVvl1
V (y
Ve(r)) =
(l‘\/l‘))—l
)/\((x/\O)\/(x/\O))ZO

)V 0) =1
)
)

V
c

):1

(c(x
LA (e(z vV (zA0))VO)=c(0Va)
IV((zA0)V0)=aVl1
clzv1) =1V (c(z)V0))AD
(IV(e(e(x)) VO)AO=2 AD

(@ VAV (@Ve)))Alely) V1) =

eV1=(wA1L)V(e(y) V(zV0))
(zAl)Vie(z)V(yVv0)=yV1
(zAl)Vi=2zVvl1
cleavae)Vi=clz)vl
cOVzvy)Vvevl)=cly Vvl
) V=1

xVvV1i=1

(V@A v V) AL =
(xVO)ALl =

zAN0=0

IA(zVv0) =
(zV(yAz)Al==

(x A1)V (c(z) V (yV0)) =

(e v e{e{ VO) V (3 v 0))) A
(xVvelyV(zVe(x)) Al =

(c() VO V(yV(zAl)) =
c(xVe)=-clzVv0)

(xVe@) AllyAl) v (zV0)) =

((xvy)V(EVy Vy)) =xVy

Vv 1)) =z A(c(y) Vely)

VI{yVO) Ay V) =

)V Ay V(zV 1)) =

[7679 — 260]
[7679 — 59,5652,6499]

[7679 — 2396,2378,161,6383,5476,5424,12,17,4112]

[7824:7949)]
[7014:7949]
[4228:7949]
[4111:7949]
[2377:7949]
[7807 — 7345]
[7807 — 84,12]
[8250]

[44 — 7743]

[8288 — 448

[8288 — 52]

[8136 — 500,8353]

[8152 — 202,85,7808,29]
[8349:8727]

[8359 — 7743

[6390 — 8779,6391]

[278 — 7693,6383,5476,6383,17,12,17]
[7603 — 448

[278 — 7920,6383,5476,6383,17,12,17]
[8152 — 7920,85,7808]

[7920 — 1762,8565,8141]
[7948 — 9089

[2 — 9089

[9089 — 306,6437]

[9089 — 1762,8565,8141,9110]
[9221 — 1762,8565,6391,8141]
[9221 — 130]

[9225 — 64,12]

[20 — 9379]

[6782:9516]

[6390:9518]

[8821 — 392]

[8877 — 15]

[10354]

Ve(z V1)) = 0[8288 — 200,12,161,27,6391,85,196,5476,41,7808,161,27,6391,8075]
xr

[9085 — 1762,8565,9518,9616,8141,9380]

[662 — 10605,9228,7949]
[8055:10676]

[8136 — 9199,10714]

[2 — 9199,12015]
[10144:12035]

[9397:12035,12035,12035,12,12035,12035]

[8851:12035,45]
[7391:12035,12035,5913,12067,6383]
[390:12035]

[10383:12035]

[8893:12035]

[1211:12035,12035]

[137:12035]

[8260:12059]

[1877:12059]



12607
12629
12680
12761
12927,12926
12932
12958
12967
13050
13191
13197
13253
13479
13483
13491
13644,13643
13707
13751
13761
13959
14074,14073
14119,14118
14142,14141
14146,14145
14148,14147
14152,14151
14182,14181
14228,14227
14255
14258,14257
14259
14279
14292,14291
14293
14295
14299
14309
14319
14349
14351
14353
14361

14369
14373
14431
14464
14527
14562
14563
14565
14598
14601,14600
14737

e(xv0)=¢c(0Vz)
rANl=1Az
cleve)Ve=1
I1Az=2A1
clzV(yAz)) = (c(x VO)VO)A(e(y) v (Z))
c((x A1) Vy) = (c(z) vV )A(f(?( (1))

(c(z) VO) A (e (yV

zVe(rV0)=
1A($VC((0VC((1‘V3/)V(l‘Vy)))Vy))Zl‘
(zVv(zVve)Al=x
OV(eVveva))Al==
(yM))A(l‘V(OVC(y)))) =z

0) v 0)

[9495:12067,12073]
[7283:12067,12073]
[8207:12073]
[12629]

[12058 — 195]
[12058 — 195,12]
[12932]

[12072 — 7743)]
[440 — 12629
[8359 — 12761]
[4217 — 12761]
[12761 — 66]

(x Vv
(Vv ({((zVey))Veve)) Ay)Al=x [12680 — 392]
EV{((yAD) VA A(c(y)y VO ALl == [12680 — 388,12035]
(zVvele((zvy)V(eVvy)VizVvy))Al=x [12680 — 448,12035]
zA(c(r)V0)= [12967 — 669,5862,12059]
(zv@eAl)Al=u [12761 — 12098]
c(xVvO)VO)A (e(y) Vel(r)) =c(xzV0) [12098 — 84,12927,12,12059]
eV ((0Ve((zxVy) Vo) Vy =1 [12524 — 250]
c(0Ve(x)=zAl [199 — 12607,6383,5476,12035]
OvVa)Al=x [12607 — 26,27,12059]
zV(zVae)=uw [13197:14074]
e Al =z [13191:14119]
eV (yhe) ==« [12056:14119,14142]
Az =2 [8359:14119]
OVe=z [4217:14119,14148]
cle(z)) == [13959:14152,14142]
V=2 [13707:14142,14142]
eVele(xVy) V(zVy) = [13491:14228,14142]
xV0i==z [13483:14142,14142,14228,13644,14142]
eV ((xVely) Ny) == [13479:14228,14142]
(xVy)A(zVely) == [13253:14142,14152]
ez Vy) =c(z) Ae(y) [12958:14258,14258,14258,14142]
(xVely)) AN(yVe)=x [12566:14142,14258]
)V (yVe)=1 [12518:14258,14142]
eV (c(y) Ae(z)ANz)) == [12490:14292,14292,14182,14142]
eV (zAcly) = [12288:14258,14258,14292,14182,14142]
2V (c(z) Vy) =1 [12162:14142,14258]
(V) N2) Ay V(eVelz)) == [3123:14258,14142]
(Vi) Ve(z)Allynz)vae) == [665:14142,14258]
(xVy)A(ely) Va)=x [424:14142,14258)
(xVely) Vie(x) Ay) =1 [234:14142,14258]
ez Ay) =c(z) Ve(y) [84:14258,14142]
eV ((c(z) Ae(y) Vy) =1 [13761:14258,14292,14152]
c(@) A (e(y) Ve(z)) = c(x) [13751:14258,14258,14258]
2V ((xVy) Acly)) =z [13050:14228,14292,14152,14292,14366,14182,14182,14148]
eV ((xVy) A(c(z) Aely)) == [14255:14292,14292,14366,14182,14182,14292]
tV(yVe)=yVe [14227 — 2]
tV(yVz)=zV(yVae) [14257 — 98,14258]
tV(yVz)=yV(zVa) [14257 — 15,14258]
rVy=yVez [14257 — 2,14258]
eV(yVvViizAz)=yVe [14145 — 2]
(xAy)Vy=uy [14145 — 14565]
(c(x)Vy)A(yVa)=y [14565 — 7]
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14741
14829
14857
14863
14867
14880,14879
14907
14965
15141
15281
15300
15332
15549
15745
16074
16201
16851
16855
16911,16910
17134
17188
17368
17488
17608
17694
17732
17784
18416,18415
18569,18568
18926
18940
18943
18987
19019
19036,19035
19045
19085
19111
19120,19119
19255
19297
19301,19300
19322
19355
19590
19634
19852
20391,20390
20402
20556
20672
20674
20678
20707,20706

(c(e) V e(g) A (y A &) =0
eV((yA(eVz)Vz)=aVz
e(x) A ((y A c(x))l\/ z) =y Ac(x)

tV(yV(eAz)=yVe
(ec(x) Vy) Vo =

(c(x) Vy)V(zVa) =

eV ((cly) Ve)hy) =«

2V ((c(z) Ny) Vely)) =

(e V) AV elz) = y

(@) A (2V (c(x)ANy)) =clz) ANy
((zVy)Nely)Ve==
(c(x)Vy)V(evz)=1

eV (yAle(z)Aw)) ==
tVyA(zAz) =2
(zA(yA2)Vz=2z
(xAY)V(yVz)=yVz

eV ((xAey) Az)=x
(zAy)V(eVz)=2aVz
eV{((xAy)Az)=x

c(x) V((xAey) Vy) ne) =1
(mAc) Vy) Ve =(xAc(y) Vy
A (c(y) Vo)==«
tA(yvVe) ==«

(Ay) ANy==zAy
(xvVy)Vz=yV(zVz)
(xAey) Vy=yVe
cl)vV({(yvae)Ae) =

(xVy)Ny=y
(xVy)he=x
tAYyA(zAZ)=y

tAy=yA(xV
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[14565 — 36]

[2 — 14600]

[14600 — 7]

[14565 — 14295

[14181 — 14309]

[14565 — 14867

[14867 — 2]

[14565 — 14319]

[14965 — 2,12035]

[14565 — 14259]

[14259 — 14863,14366,14292,14182)
[14565 — 14279]

[14879 — 14293

[14565 — 14431]

[14565 — 15141]

[14181 — 14299]

[14181 — 16201]

[14565 — 16851]

[14737 — 16855

[16074 — 14349,14292,14182,14142)
[16074 — 14351,14182,14148,14182)
[14181 — 17134]

[15745 — 14361,14366,14292,14182,14182]
[14369 — 15281,14182,14148,14182)
[14181 — 14373,14182,14182)
[14181 — 17694]

[14145 — 17732]

[14565 — 14562
[17608:18416,14880]

[17488:18569)]

[14857:18569)]

[18940]

[17784 — 18568,18569]

[18568 — 15332,14182,14146,14182)
[18568 — 14293,14182,14146,14182)
[19019]

[18926 — 14353,14601,14142)]
[18568 — 19085]

[16851 — 19085

[14181 — 18987

[14565 — 19019]

[14527 — 19019

[19297]

[14250:19301]

[19045 — 18568,14182)]

[19045 — 14879]

[18568 — 19355,14182,14182)
[14598 — 17732

[14598 — 19035,19301]

[14907 — 19035,19301]

[15300 — 19634,14142,14182,14182)
[15300 — 19035,14148,14182)
[19322 — 20674]

[14279 — 20674,14292,14182,20391]



20713,20712
20718
20720
20740
20742,20741
20768,20767
20770,20769
20775
20778,20777
20780,20779
20783
20960,20959
21072
21087
21465,21464
21469,21468
21588,21587
21594,21593
22207
22209
22240
22267
22271
22394
22462
23045,23044
23048
23273
23304,23303
23439,23438
24841
25350
26809,26808
26840
26851
26869
26872
26983,26982
27026
27096
27140
27178,27177
27266
27342,27341
27373
27452
27776
28022,28021
28503,28502
28505
28507
28888
28890
30272,30271

c@)AN(eVy) =clz)Ay
(e(z) ANy)Ve=zVy
zAcly) =cly) A
rANy=yAz
c@)AN(yVae)=clz)Ay
(e)) = ¢ Ay
czg)Vy)=zAy
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(A (yV=z))Ve(z
(@AY A(yAz)=(xAy) Az
((xvy)Az)Ae(z)) V(e Az)=(xVy) Az
(AyY) Az=2A(YyAz)

(Vv AzAc(@)V(eAnz)=(xVy) Az
sAyANz)=yA(zAa)
YVA(@naz)=aAy
y)Az)Vely) =z Ve(y)

YA (zAc(x) =yA(zAc(z))
(v Al V (= Ay) = (2 Vo) Ay
Vy)Az=(yA(zAc(x))V(zAz)
eVe(y) Az)Vy=yVz
AyVelz))Vz=zVa
AyAN(zVe))) Vu=uV(zAy)
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[15549:20707]
[19590:20713]
[18943:20713]

[14181 — 20720,14182]
[19322 — 20720,14182)
[19322 — 20740
[19045 — 20740]
[20678:20768]
[20556:20768]
[20402:20768]
[19852:20770]

[20740 — 20767
[14741 — 20775,14292,14182,14182,14152)]
[20775 — 14879]

[2 — 16910]
[21087:21465]

[2 — 17188
[20672:21588]

[20769 — 19255,14292,14182,14292,14182,14880]
[20767 — 19255,14292,14182,14292,14182,14601]

[20740 — 22207]

[14181 — 22209]

[14565 — 22209]

[20740 — 22267]

[14181 — 14464]

[20783 — 18415

[20783 — 14563,23045]
[21072 — 17368

[21464 — 14293,18416,21594]
[21587 — 19035,19036]
[18568 — 20777,23439,14366,14182)
[14565 — 22462

[14181 — 24841]

[22271 — 26808

[14907 — 26808]

[20959 — 26808,14292,20778]
[17784 — 26808,26809]
[26808 — 21468,21594]
[20959 — 26851,14292,20780]
[26851 — 20718,18569]
[26851 — 21468,21594]
[22394 — 26869)]

[26869 — 22240]

[22271 — 26872,27178]
[27266:27342]
[26840:27342,19120]
[23273:27342]

[27026 — 21468,21469]
[25350 — 14293,28022,20960)]
[27373:28503]

[28505]

[23048 — 27096]

[14565 — 27096]

[27452 — 28888



30647
32813
33040
33573,33572
33587,33586
33624,33623
33638,33637
33646,33645
33672
33674

Proof BA2
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15

16
18,17
19

21
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25
28,27
30,29
31

33

35

37

39

40
42,41

46,45
47
49
51
53
56,55
59
60
64,63
65
67
71
73

[14829 — 14293,18416,26983,23304]

(x A

(xVely) AyV(eA(zVY))=xA(zVYy) [27140 — 14353,14182]
(A((zAy)V2)V(eAy)=zA((zAy)V2) [19111 — 27776]
(xA(yVz)Vy=yV(zAz) [28890 — 30647,30272]
(AyANc(z))VzAy) =(xAy) V(zAY) [22240 — 30647]
eV(yA(zVvae)=(yAz) Ve [14565 — 30647]
eA((zAy)Vz)=(eAy)V(zAz) [33040:33573]
(xVyY)ANz=(yAz)V(zAz) [28507:33587]
rAyVz)=(xAy)V(eAz) [32813:33624,33646,20742,33638,16911]
S$Ans(DIST1) [33672,13]
tV(yVvz)=yV(zVz) 1
£ Ay = ele(@) V e(y)) i
c(e(z) Vely)) == Ay [3]
(zVe() AzVy) == (]
eVe(r)=1 I
(1) = 0 i
AV(BANAVQO)#AV(CAAVB)) | $Ans(MOD) [
AV(CANAVB))£AV(BA(AVCC)) | $Ans(MOD) [13]
eV(yV(zvu)=zV(zV(yVu)) [2—2]
tV(yVzVu))=yV(zV(zxVu) [15]
1vVo=1 [11— 9]
2V (g (@) = y v 9 2]
x\/l_l\/(x\/O) [17 — 2]
1V (V) =zV1 [21]
cOVe(x)=1Ax [11 — 4]
(& A )V el(2) = (e(e) V e(y) A - [4 4
cle(z)v0) =z Al [11 — 4]
ele(z) V (y A ) = 2 A (e(y) V e(2)) [4 4
rAe(x)= [9— 4,12]
(c(x) Ve(y) V(eny) =1 [4— 9]
1A0=0 [11 — 31]
(c(x) Ve(y)) A e Ay) = [4—31]
tV(IV(yvo)=yV(zVl) [21 — 2]
eV(yv1)=yv(IV(zVv0) [39]
(zVO)A(zV]) == [11 > 7]
(e v (y A 2D A (2 V (@) v el2)) =2 [47)
IN(zVe) == [9—=T7]
(zVO)A(LV(xV0) ==« [21 — 7,12]
(Ive(0)nl= [17 — 7]
(zVvele(x)) ANl == [9—T7]
(xVelyVz)AN(yV(zvz)=x [2—T7]
IN(zV({(zVy) Vy)=2zVy [2 — 45]
eV(yv)=1v(zV(yVv0)) [22— 2]
IV(@V(yvo)=zVv(yVvl) [59]
c(OVO0)=1A1 [11 - 23]
c(OV(zAYy) =1A(e(z) Vely)) [4— 23]
(VLAY AV (0Vely)) =2 [23—7]
OVe(z)V(lAnez) =1 [23— 9]
(zVAALD)A(zV(0VO0) == [63 — 7]
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c(y) V(zAL)) =

[4— 27]

[27 — 9]

[9— 15]

[2— 15]

[15— 7]

[16 — 45]

[16 — 7]

[27 — 19]

[4— 19]

[41 — 25]

[35 — 25,162,64,12,10]
[63 — 71,46]

[45 — 71]

[175 — 41]

[175 — 22]
[183:186,46]

[27 — 29]

[49 — 29,162,18,12,12]
[45 — 29,12]

[41 — 29]

[200]

[201]

[29 = 9]

[192 — 7]

[192 — 2]

[51 — 91,162]
[27 — 33]

[41 — 33]
[2—179]

[179 — 15]

[179 — 2]

[256]

[211 — 91,162,64,164]
[47 — 29]

[91 — 213,12
[39— 7]

[263 — 47,264,46]
[312 — 47,313,46]
[2 — 40]

[323]

[40 — 7]

[45 — 43,12]
[192 — 43,12,12]
[27 — 43]

[19 — 43]

[2 — 43]

[381— 71]

[63 — 53]

[27 — 53]

[179 — 53]

[39 — 53]

[15 — 53]

[45 — 391,17
[15 — 55]



506

521
562,561
581

583

585

619
632,631
644

659

663

666

670

684

686
689,688
704,703
711

733
756,755
773

779

789
792,791
793

795

807
812,811
815

841

861

863
867,866
926,925
1074,1073
1188

1212

1230
1233,1232
1295,1294
1297,1296
1319
1326,1325
1328

1441
1590,1589
1625

1684
1705,1704
1706

1756

1763

1868

1878

0V 0V (0V0) =1
OvV(eve(OVv(OVD)) =2Vl
OVe((zVO)V(zV0))V(evl)=1V1
IA(e(zVO)Ve(lV (VD)) =c(0Va)
c(0vae)=1A0Ve(zVer))
AOVe(eVa))=c0Vr)
eV (LAY)) AV (xVe(y)) ==
LAD VOV 1) VO =1
1A Ve(OVI)=1
(zv0)=(0Ve(xva)al
OVe(zx V) Al=rc(zV0)
l‘V((C(y)VC(Z())Al))A((yAZ)VéJCVO))

ov1)vC(1v(ov0)):1
VOV AV (zV0) =2z

1/\(0\/1) 1
OV(zv(OVvl)==avl
ovovi)=1
(xVOVI)A(xV (V)=
c(0OV0)=0V1

(IvOvi)A(OVvl)=1

(() (0\/1))—90/\(0\/0)
V(IV(0V0))=
(0\/(90\/1))_90\/1

((0V1) (l‘Ay)) (OVO0) A (c(x) Vely))
VAV(zVOV0))=zV1
(0\/( (x\/O)))_x\/l
1=0V(0V(LV(zV0)))

( viavn)ya@Ovl=1
(Iv(ovo)yvi=(Ovivi

LAV e((zVy) V(2 V) = el v (0V )
OV(E@VI)AOV(zVv0)=

(v elyV (Ve AV (Y 1) =
OV(E@EVI)A(VOV0)) ==
Ove((OVO)V(OVO)=(1VI)A1L
(c((OVO)VO)Ve(OV1)VI=0V(1VI])
((1\/1)/\1)\/1—0\/(1\/1)
c(zv1)=c(0V(0V(1V(zV0))))
oOvV(OVv(AvV(zv0))=1V(zVv0)
clxv1)=rc(lV(zV0))
c((OVO)vO)Ve(OVvI)=(1VI)AL
c(IVie(z)vO)=azA(0Ve(lV1))
c((IAc(eva))ve)=0
(TAc(zva)ve)vo=1
eV({({(LAcyvy) vy v)=aVv(1V])
(IAhc(zva)ve=1

V1= (1Ac(yVy)V (

=]

~ <
—_

O R
=

TET
< < >

[399 — 47,400,46]
[506 — 2]

[179 — 60]

[47 — 65]

[45 — 65,12]
[583]

[2 — 67]

[63 — 241]

[241 — 47,64,632,46,64]
[45 — 85,12]
[659]

[85— 53]

[85— 31]

[21 — 644]

[644 — 53]

[644 — 19]
[686:689,56]
[684:704]
[423:704]
[315:704]
[213:704]
[192:704]
[73:704]

[63:704]

[703 — 391,12]
[703 — 29,12,12]
[21 — 779]

[779 — 16]

[791 — 29]

[807 — 16]

[40 — 773]

[861]

[40 — 793,18]
[711— 19]

[2— 583

[2— 733]

[19 — 106]

[2— 789]

[179 — 789,562]
[241 — 841,288]
[179 — 841,1233]
[861 — 583,1074]
[21 — 863]
[1319:1326]

[241 — 1230,288,1295,812,288]
[21 — 200]

[7 — 202,162,792,10]
[1625 — 9]

[1684 — 326]
[1684 — 1188,1705,867]
[1706 — 2]
[1756]

[2 — 377]

[27 — 425]



1912
2368
2370
2379,2378
2397
2404,2403
2463,2462
2464
2469,2468
2480
2485,2484
2486
2533
2565
2584
2606
2614
3124
3345
3354,3353
3542
3896
3925,3924
3929
3965
4034
4113,4112
4205
4219,4218
4220
4229
4301,4300
4438,4437
4475
4555
4568,4567
4591,4590
4879
4885
4946,4945
4949
4977
4983
5311,5310
5348
5359,5358
5407,5406
5425,5424
5441,5440
5449
5457,5456
5467,5466
5477,5476
5500

OV(OVO)V(eV1)=0V(zV1 [521 — 95]
(c(x) VI Ay V(eA(OVe(y)) =1 [11 — 206]
OV(zAz)Ve(r)=1 [45 — 206,12]
OV(zAz)Vi=zvl [2370 — 19]
OV(zAz)V(yVelz)=yVl1 [2370— 2]
1V ((0V(zAz))VO)=2V1 [21 — 2378]
eV (LA VOV =aV(1V1) [227 — 326,792,10]
(1 Ae(0)) V0= [227 -+ 1188,792,10,2463,867,792,10]
(LAc(0)Vi=1V1 [2464 — 1763,792,756]
LAe(0)=1 [2464 — 1188,2469,867]
((0) V1) A (0V 1) = ¢(0) [2480 — 391,12]
(V1) AV (zVe(e(0)))) == [2480 — 619]
(1V(c(0)V0)A(0VI1)=1c(0) [21 — 2484]
0V (e(0) Ae(0)) = ¢(0) [2370 — 2486,2379,2485]
(0Ve(e(0) Ac(0))) Ae(0)=0 [2565 — 7]
(OA(OVe(IV1))Ve(OVI))AL=0A1 [2533 — 85,28,1590]
(OA(OVe(lV1)))Ve(OVI1)Ve0) =1 [2533 — 33,1590]
V() VOAZ)A(yAL)V(2Ve(2) =2 [27 — 393]
OV (VD A(eV])=zV1 [2370 — 335,2404,56]
(cfxv1)Ve(xVv1)Vev])=0Vv1 [3345 — 142]
OV(OVO)VOV(IVL))=1Vv1 [1296 —» 1912,1297,812]
(LAc(z))V(IAz)VO=1 [7 — 2368,162,792,10]
(LAc(z))V(IAz)VI=1V1 [3896 — 1763,792,756]
(IAc(z))vV(lAaez) =1 [3896 — 1188,3925,867]
(IAz)Ve(OVe)= [585 — 3929,162,792,10,46]
eVe(OV(zVvae))=1 [45 — 3965]
(IAz)vi=(0Vva)Vvl [3965 — 2397,2379]
eVe(eV(0Va)) = [2 — 4034]
INOV(zV(zVe)) == [4034 — 131]
IN(V(evV(0VE)) =2 [4034 — 106]
OV(zve)vli=azVvl [4034 — 2397,2379]
(zv(OVvz)vli=aVvl [4205 — 2397,2379]
LA (e(0) V (e(0) V 1)) = ¢(0) [95 — 4218]
IA((IVOVO))V(0v1)Vvl)) vV (0V0) [807 — 4220,926]
((0) V1) V1=e0)V1 [19 — 4229]
OvV(1v1) =1 [4229 — 128,4219]
Ivi=0vl [3542:4568,4301]
(OA(OVe(OVD)))Ve(OVI)V [2614:4591]
((0A(0Ve(0V1)))Ve(OV1))A 1— 0/\1 [2606:4501]
c(LV (c(z) V0)) = 2 A (0Ve(0V 1)) [1589:4501]
c((OVO)VO) VeV =(0VI)AL [1441:4591]
cle(z) V1) =2 A ((0Ve(0VI)A0)VO) [198:4591]
OVe(zva)Vv(lve)=0Vvl [259 — 4590]
¢(0) V 1 = ¢(0) [4555 — 55,4438]
e(e(0)) = 0 A (0V e(0V 1)) [4555 — 1328,5311,5311,4946]
c(0)=0v1 [4555 — 811,5311,10,5311,5311]
0A(OV 0V 1)) =e(0V1) [5348:5359]
ovi=1 [4879:5407,5359,3354]
(ov 0) Al=0 [2584:5359,5425,5359,5425,704,5425,12,5359,5425]
(( A0V 0)) 0O)AL=0A1 [4885:5425,12,5425,12]

V(0V0)= [4475:5425,4591,5425,926,5425,4591,5425,704,5425]
0 A0V 0) = 0 [5406:5425,12,5425,12]
c(0) =1 [5358:5425]
(OVe(zva)v(lve =1 [4983:5425]
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5505,5504
5532
5536
5653,5652
5839,5838
5841,5840
5843,5842
5863,5862
5875,5874
5914,5913
5949
5967
6032,6031
6054,6053
6258,6257
6384,6383
6392,6391
6438,6437
6500,6499
6639
6783
6785
7015
7284

7346
7392
7680
7694
7744
7809,7808

7825
7921
7950,7949
8056
8076,8075
8137
8142,8141
8153
8208
8251
8261
8289
8350
8354,8353
8360
8566,8565
8728,8727
8780
8822
8852
8878
8894

A(((0V0)AD0)VO)
0
c(1Vie(z)v0)=2A(0VO0)

c(LV (zAy)) = (0VO0)A(e(z) Ve(y))
A((OVO)AQ)VO)=a2A(0VO)

c(0Vv0) =

Inl=1

((zva)Ve)Al=zVa

0Al1=0

cle(z) v1) =2 A(0V0)

(zV(O0Az)Al==

(0VO0) Afe(z) Vely) = 0A (cz) Ve(y))

c(1V(zAy)) =0A(c(z)Ve(y))

IA(c(zV(OAZ)VO)=c(0Va)

Ovo=0

~—

c(IV({(2A0)V0)=(1V(c(x)V0)AD
(IV (@A) A(c(z) V1) =
OV(((zA)V(eA0)Az)VI=2V1
IN(zAD)V(zAD) =1A=

[4977:5425,12]
[4949:5425,12,5425,704,5425]
[4945:5425,12]

[4590:5425]

[815:5425]

[795:5425,5505]

[791:5425]

[703:5425]

[467:5425]

[5449:5467,5441]

[5504:5841]

[5476 — 391,5653]

[5476 — 29,5839
[5838:6032]

[5967 — 65,12]

[6532 — 279,12,5843,5457,12,18,5875]
[5949:6384]

[5536:6384]

[6383 — 2]

[6499 — 3965]

[6437 — 6437]

[6437 — 445,5653]

[5500 — 95,162,28,6392,5653]

[279 — 581,6384,5477,6384,18,12,18,6438,162,6384,5477,5425,12,18]

(IA(e(x)VO)V(enl)=1
(zVI1)A(zV
cOve)ve=1
c(zvVO)V(zV0) =
(IAnz)Ve(z)=1
(zVva)ANl ==

(0 A(e(y) V1))V (yA0))) =

[279 — 6639,6384,5477,6384,18,12,18]
[6785 — 43,6054,5477,6392]

[5967 — 7346,6258]

[6499 — 7680]

[161 — 7680,6384,5477,5425,12,18]

[7680 — 1868,162,6384,5477,5425,12,18,46,5425,162,6384,5477,5425,12,18,46]

OVe(zva)V1i=cOV(yVe)VyVvl)

clzvO)Vv(ervl)=1
(Ovae)vli=zVvl
clevae)V1i=c0V(yVa)VyVvl)
(A V(eA)AZ)VI=2 V]
(zva)vi=avl
(Ihnz)vli=zVvl
(zAz)VIi=aVl
IA(c(xva)VO)Vve=1
c(ev0)=(c(zVa)VO)AL
(ecfzvae)VO)AL=rc(zV0)
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[7680 — 261]
[7680 — 60,5653,6500]

[7680 — 2397,2379,162,6384,5477,5425,12,18,4113]

[7825:7950]
[7015:7950]
[4229:7950]
[4112:7950]
[2378:7950]

[7808 — 7346]

[7808 — 85,12]

[8251]

zVe(leve)=1 [45 — 7744]
z A (c(x) Ve(r V1)) =0[8289 — 201,12,162,28,6392,86,197,5477,42,7809,162,28,6392,8076]
1/\(90\/((90\/y)\/((x\/y)\/y))):x\/y [8289 — 449]
IN(@V(eVe) =« [8289 — 53]
(l‘ VI)Vevl)=zVvl [8137 — 501,8354]
Afe(y) VelyV 1) =z A(e(y) Vely) [8153 — 203,86,7809,30]
Afc(z)Ve(z))=0 [8350:8728]
J:\/c( V{zvae))=1 [8360 — 7744]
(c(x) VI)A((z AO) V (x A0)) =0 [6391 — 8780,6392]
(g A1)V (e(z) VO) = [279 — 7694,6384,5477,6384,18,12,18]
(zVel(e(zVvO)V(yV 0))) (yv1)= [7694 — 449]



9086

9090
9111,9110
9200

9222

9226
9229,9228
9381,9380
9398

9496
9517,9516
9519,9518
9617,9616
10145
10355
10384
10606
10677,10676
10715,10714
12016,12015
12036,12035
12057
12060,12059
12068,12067
12074,12073
12099
12163
12289
12491
12519
12525
12567
12608
12630
12681
12762
12928,12927
12933
12959
12968
13051
13192
13198
13254
13480
13484
13492
13645,13644
13708
13752
13762
13960
14075,14074
14120,14119

(A V(ie(z)v])=1
clx)vevl)=1
clzv1)vli=clzv0O) Vvl
cOvae)v(zvl) =1
zVi(c(r)v1)=1
(zV(zA)ALl==
clzvO)vVli=c(x) V1
(zA0)V1I==2zV1

(e v ely v (= v (e(e) VD)) Ay V (5 V 1))
IA(e(zV(2A0)VO)=c(0Va)
IV({(zA0)V0) =2 V1

clxv1)=(1V(c(x)VO))AO

(IV(e(e(x)) VO)AO=2 AD

(@ V(yAlev(@Va)))Ale(y) V1) =

x\/l:(y/\l)\/(c(y)\/(x\/O))
Vie(x)V(yv0)=yvl

(zAl)Vi=2zVvl1

cleavae)Vi=clz)vl

c(OV(zVy)V(zVvl) =

clz)vli=1

xV1i=1

(zV(yA(zV(zVve))Al==z

(zVO)Al==

zAN0=0

IA(zV0) =

(zV(yAz)Al==

(x A1)V (e(x) V (y v 0)) =

(x Ve(e(z VO) V(yV0))A

(xVvelyV(zVe(x)) Al =

(c(x) v 0) v

cleve)=c

(v e(y) A

e(xv0)=¢c(0Vz)

rANl=1Azx

cleve)Ve=1

Inz=zA1

eV (yAz)=(e(zv0)VO0)A (c(y) Ve(z))

el(x A1)V y) = (e() v 0) A

(e(x) VO)A(e(yvO)VvO)=c

zVe(zVv0) =

LA (v el(0Ve((z Vo) V (2 Vi) V) = &

(zVv(zVve)Al=x

0\/(1‘\/(1‘\/90)))/\1:1*

A DA OVl =

c(y) V1

et e e L Lo
8 8 8 8
< << <LK
O~~~

((OVC((l‘Vy)VO))Vy)
(0\/6( )=xzAl
OvVa)Al=x
zV(zVae)=uw

25

[279 — 7921,6384,5477,6384,18,12,18]
[8153 — 7921,86,7809]

[7921 — 1763,8566,8142]
[7949 — 9090]

[2 — 9090]

[9090 — 307,6438]

[9090 — 1763,8566,8142,9111]
[9222 — 1763,8566,6392,8142]
[9222 — 131]

[9226 — 65,12]

[21 — 9380]

[6783:9517]

[6391:9519]

[8822 — 393]

[8878 — 16]

[10355]

[9086 — 1763,8566,9519,0617,8142,9381]
[663 — 10606,9229,7950]
[8056:10677]

[8137 — 9200,10715]

[2 — 9200,12016]
[10145:12036]
[9398:12036,12036,12036,12,12036,12036]
[8852:12036,46]
[7392:12036,12036,5914,12068,6384]
[391:12036]

[10384:12036]

[8894:12036]
[1212:12036,12036]
[138:12036]

[8261:12060]

[1878:12060]
[9496:12068,12074]
[7284:12068,12074]
[8208:12074]

[12630]

[12059 — 196]

[12059 — 196,12]

[12933]

[12073 — 7744]

[441 — 12630]

[8360 — 12762

[4218 — 12762]

[12762 — 67]

[12681 — 393]

[12681 — 389,12036]

[12681 — 449,12036]

[12968 — 670,5863,12060]
[12762 — 12099]

[12099 — 85,12928,12,12060]
[12525 — 251]

[200 — 12608,6384,5477,12036]
[12608 — 27,28,12060]
[13198:14075]



14143,14142
14147,14146
14149,14148
14153,14152
14183,14182
14229,14228
14256
14259,14258
14260
14280
14293,14292
14294
14296
14300
14310
14320
14350
14352
14354
14362
14367,14366
14370
14374
14432
14465
14528
14563
14564
14566
14600,14599
14602,14601
14738
14739
14743
14831
14859
14865
14869
14882,14881
14909
14967
15143
15283
15302
15334
15551
15747
16076
16203
16853
16857
16913,16912
17136
17190

rANl ==z

eV (yhe) ==«
INz==
OVe==2
cle(z)) ==
rVe==x
eVele(xVy) V(zVy)) =2
zV0i==z

eV ((xVely) Ny) ==
(zVy) A(zVely) ==

ez Vy) =c(z) Ae(y)
(xVely)) AN(yVe)=x
clz)V(yve =1

eV (c(y) Ae(z)ANz)) ==
eV (xAe(y) ==
zV(c(r)Vy =1

(z V(c(y) Az)) A(

(e v (cly) v o(2))

(V) A (e

y
AlyAz)Ve)==

z)
e
y)

[13192:14120]

[12057:14120,14143]

[8360:14120]

[4218:14120,14149]
[13960:14153,14143]
[13708:14143,14143)
[13492:14229,14143]
[13484:14143,14143,14229,13645,14143]
[13480:14229,14143]
[13254:14143,14153]
[12959:14259,14259,14259,14143)
[12567:14143,14259]
[12519:14259,14143]
[12491:14293,14293,14183,14143)
[12289:14259,14259,14293,14183,14143]
[12163:14143,14259]
[3124:14259,14143]

[666:14143,14259]

[425:14143,14259]

(xVely) Vie(x) Ay) =1 [235:14143,14259]
ez Ay) =c(z) Ve(y) [85:14259,14143]
eV ((c(z) Ae(y) Vy) =1 [13762:14259,14293,14153]
c(@) A (e(y) Ve(z)) = c(x) [13752:14259,14259,14259]
eV (& Vy) Acly)) =z [13051:14229,14293,14153,14293,14367,14183,14183,14149)]
eV ((xVy) A(c(z) Aely)) == [14256:14293,14293,14367,14183,14183,14293]
tVyve)=yVe [14228 — 2]
tV(yVz)=zV(yVae) [14258 — 99,14259]
tV(yVz)=yV(zVa) [14258 — 16,14259]
rVy=yVez [14258 — 2,14259]
tV(yVizAr)=yVe [14146 — 2]
(xAy)Vy=uy [14146 — 14566]
AV(CA(BVA))#ZAV(BA(AVE)) | $Ans(MOD) [14566 — 14]
(c(x) Vy)A(yV )= [14566 — 7]
(c(x) Vely)) AN(ynz) = [14566 — 37]
eV((yA(eVz)Vz)=aVz [2— 14601]
c(@) A ((yAe(z))Va)=yAc(x) [14601 — 7]
(xVy)Ve(ly) =1 [14566 — 14296]

tV(yV(eAz)=yVe
(ec(x) Vy) Vo =
(c(x)Vy)V(zvae)=1
eV ((cly) Ve)hy) =«
2V ((c(z) Ny) Vely)) =
(V) Ay Velz) = y
(@) A (2V (c(x)ANy)) =clz) ANy
((zVy)Nely)Ve==
(c(x) Vy)V(zVz) =
eV (yAle(z)Aw)) ==
tV(yAN(zAz))=
(zA(yA2)Vz=2z
(xAY)V(yVz)=yVz
eV ((xAey) Az)=x
(zAy)V(eVz)=2aVz

[14182 — 14310]
[14566 — 14869]

[14860 — 2]

[14566 — 14320]

[14967 — 2,12036]

[14566 — 14260]

[14260 — 14865,14367,14293,14183)]
[14566 — 14280]

[14881 — 14294]

[14566 — 14432

[14566 — 15143]

[14182 — 14300]

[14182 — 16203)]

[14566 — 16853]

[14739 — 16857

[16076 — 14350,14293,14183,14143)]
[16076 — 14352,14183,14149,14183]

26



17370
17490
17610
17696
17734
17786
18418,18417
18571,18570
18928
18942
18945
18989
19021
19038,19037
19047
19087
19113
19122,19121
19257
19299
19303,19302
19324
19357
19592
19636
19852
20391,20390
20402
20556
20672
20674
20678
20707,20706
20713,20712
20718
20720
20740
20742,20741
20768,20767
20770,20769
20775
20778,20777
20780,20779
20783
20960,20959
21072
21087
21465,21464
21469,21468
21588,21587
21594,21593
22207
22209
22240

eV{((xAy)Az)=x

c(x) V((xAey) Vy) ne) =1
(mAc) Vy) Ve =(xAc(y) Vy
A (c(y) Vo)==«

tA(yvVe) ==«

(Ay) ANy==zAy
(xvVy)Vz=yV(zVz)

(xAey) Vy=yVe
cl)vV({(yvae)Ae) =
c(@)AN(eVy) =yAc(x)

zAc(y) =cly) Ay V)

eV (yAelz))=aVy
eA(e(z)Vy) =yAe
(clm) Vy) he=yAzx

e ANy=yAl(ely) Ve)

(xVy) hy=y

(xVy)he=x
eANYN(EzAZ)=yA(zA2)
cl@)VyAe) =clz)Vy
tA(yVelz)) =yAux

(zVe) Ay=yA(zVe(y)

r ANy =yA(xVe(y)
eV(yA(zVely)) ==

(clx) AN (zVy)Ve=zVy
(xA(c(x)Vy))Vy=y
(zAY)V(yA(ely) Va) =zNy
(xVynz))A(@Vz)=aV(yAz)
(Vv (yNe(z)))ANz=zA(xVc(z))
(zV(c(y) A2) Ay=yA(zVe(y)
2V ((xAy)Ve(y))=(zAy)Vely)
((zAy)Vely))he==z

(e A (g v () V () Ay =y
zVie(z)ANy)=aVy

(e(z) ANy)Ve=zVy
zAcly) =cly) A
rANy=yAz
c@)AN(yVae)=clz)Ay
eA(yVelx)=zAy
eA(e(z)Vy) =a Ay

(#Ay) Ve() Ay=y
(zV(c(y) A2)ANy=yhz
(xV(yAce(z)Az=zAx
(e A9)V (yA2) =2 Ay
(xVe) ANy=yAz

(e A) A (yha) = yAe
2V (g A2) Ve(®) = (5 A2) V()
eV(yAhz)Vz)=2Vz
(g Ay)Ve(r)=yVeln)
eV((xAy)Vz)y=aVz
(x Ay) Vely) =aVely)
(xAe(y)V(eAy) ==
(c(x) A ) V (3 A 2) = y
(xAhely) V(ynz) ==

[14182 — 17136]

[15747 — 14362,14367,14293,14183,14183]
[14370 — 15283,14183,14149,14183)]
[14182 — 14374,14183,14183)]
[14182 — 17696]

[14146 — 17734]

[14566 — 14563]
[17610:18418,14882]

[17490:18571]

[14850:18571]

[18942]

[17786 — 18570,18571]

[18570 — 15334,14183,14147,14183)]
[18570 — 14294,14183,14147,14183)]
[19021]

[18928 — 14354,14602,14143]
[18570 — 19087]

[16853 — 19087]

[14182 — 18989

[14566 — 19021]

[14528 — 19021]

[19299]

[14260:19303]

[19047 — 18570,14183]

[19047 — 14881]

[18570 — 19357,14183,14183]
[14599 — 17734]

[14599 — 19037,19303]

[14909 — 19037,19303]

[15302 — 19636,14143,14183,14183]
[15302 — 19037,14149,14183]
[19324 — 20674]

[14280 — 20674,14293,14183,20391]
[15551:20707]

[19592:20713]

[18945:20713]

[14182 — 20720,14183)]

[19324 — 20720,14183)]

[19324 — 20740]

[19047 — 20740]

[20678:20768]

[20556:20768]

[20402:20768]

[19852:20770]

[20740 — 20767]

[14743 — 20775,14293,14183,14183,14153)]
[20775 — 14881]

[2 — 16912]

[21087:21465]

[2 — 17190]

[20672:21588]

[20769 — 19257,14293,14183,14293,14183,14882]
[20767 — 19257,14293,14183,14293,14183,14602]
[20740 — 22207]
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22267
22271
22394
22462
23045,23044
23048
23056
23273
23304,23303
23439,23438
24842
25351
26810,26809
26841
26852
26870
26873
26984,26983
27027
27097
27141
27179,27178
27267
27343,27342
27374
27453
27777
28023,28022
28504,28503
28506
28508
28889
28891
30251,30250
30648
32819
33046
33567,33566
33581,33580
33618,33617
33632,33631
33641,33640
33668,33667
33669
33670

Proof BA3

ar~DNBE

(¢ AV (g Acla)) = y
(zAYy)V(c(y) Ae) ==
(xAy)V(c(x)Ny) =y

eV ((xVy) AN(zAcly)) ==

Ay V(yAe)Vz)=(yAz)Vz
tV(yAz)=(zAy) Ve
(zAYy)Vz=2V(yAz)

(@AY V(yre)nz) =z Ay
(xVyVe@))AN(zVa)=(ynz)Va
(le(x) Ny)Vz)Ae =z Az
eA(yA(xVe(z) =yAx

eV {((yvae)A(zAcely)) ==
sAyA(zVz)=yAzx

(AY) A(zAz)=2A(2AY)
sAyA(zVE)=yAz
eA((xVy)Az)=ax Nz

(€A (V DAY=z Ay
(xA(yVz))Vely) =2Vely)
eAN((yVe)ANz)=2 Az

(xA(yVz))Ve(z) =eVe(z)
(AY)AN(yAz)=(xAy) Az
((xvy)Az)Ae(z)) V(e Az)=(xVy) Az
(AyY) Az=2A(YyAz)
(Vv AzAc(@)V(eAnz)=(xVy) Az
sAyANz)=yA(zAa)
tAYVyA(zAz)=aAy
(xVy)ANz)Ve(ly) =2 Ve(y)
eVy) AzAe(z)) =yA(zAc(z))
eAyNe(2))VizAy)=(zVa)Ay
eVy)Az=(YyA(zAc(x))V(zAz)
(zVey) Nz)Vy=yVz

Vz=zVue

(zVy)Az=(yAz
eA(yVz)y=(zAy
(CAB)VA#AV
$Ans(MOD)

=
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[14182 — 22209]
[14566 — 22209]

[20740 — 22267

[14182 — 14465]

[20783 — 18417

[20783 — 14564,23045]

[23048]

[21072 — 17370]

[21464 — 14294,18418,21594]
[21587 — 19037,19038]

[18570 — 20777,23439,14367,14183)]
[14566 — 22462

[14182 — 24842

[22271 — 26809

[14909 — 26809]

[20959 — 26809,14293,20778)]
[17786 — 26809,26810]

[26809 — 21468,21594]

[20959 — 26852,14293,20780]
[26852 — 20718,18571]

[26852 — 21468,21594]

[22394 — 26870

[26870 — 22240

[22271 — 26873,27179)]
[27267:27343]
[26841:27343,19122]
[23273:27343]

[27027 — 21468,21469]

[25351 — 14294,28023,20960]
[27374:28504]

[28506]

[23048 — 27097]

[14566 — 27097]

[27453 — 28889

[14831 — 14294,18418,26984,23304]
[27141 — 14354,14183]

[19113 — 27777]

[28891 — 30648,30251]

[22240 — 30648

[14566 — 30648

[33046:33567]

[28508:33581]
[32819:33618,33641,20742,33632,16913)]
[14738:33668,14600,33668,21465]
[33669,23056]

[]
[]
[]
[l



12,11
14,13
15

16
18,17
19

21

22

23

25
28,27
29

31
34,33
35

39

40
42,41
43
46,45
47

49
52,51
53
56,55
59

60

62

64

68

70

74

76
83,82
84

86

90

92

96
105,104
108
110
116
124
126
130
133
167
169,168
171,170
181,180
184

zV(

1vo=
eV(yVelz)=yVvl1
tV1=1V(zV0)

88—

&

<

=
> >
N/Q\_/

<

AAAAHAA
= =
< <
A
>
~
=

— <
=
=<
()
=
=
[l
=

>

~—

=
=
>
—
I
8

R =8 =
B n
<<<<<|lZ

—

—_
<
—_

B 8 8 <L
DOQ
<<@
< < oo
AT ST T <> S
Sosnnav<<iZe
> =) s 8y Il
£ —
= 2
&
&
o <
=]
2
<
S
=
>
Z

<

<
2

<
&~

(9]

(]

(]

(]

[4— 4]
[15]

[13 — 11]
[11 — 4]
[17 — 4]
(21]
[13— €]
[6— 6]
[13 — €]
[6— 6]
[11 — 6,14]
[6 — 11]
[13 — 31]
[21 — 4]
[39]
[13— 9]
[6—9]
[11 — 9]
[21 — 9,14]
[17 — 9]
[11 — 9]
[4—9]
[4 — 45]
[22 — 4]
(59]

[21 — 15]
[11 — 15]
[4 — 15]
(62]

[15 — 45]
[15— 9]
[13 — 23]
[6— 23]
[23— 9]
[23 — 11]
[82— 9]
[82 — 11]
[6 — 27]
[27 — 31]
[27 — 11]
[22 — 16]
[116]

[16 — 45]
[16 — 9]
[82 — 51]
[45 — 25,14]
[41 — 25]
[35 — 25,169,83,14,12]
[6 — 25]
[167,169]



190

192

196

200
203,202
209

214

216

218
220,219
221

222

224
226,225
227

242

248

258

282

286

290
305,304
307

315

319
321,320
367,366
386
420,419
422

430

438

452

454

464

466
469,468
503

639

651

714
744,743
903,902
946
1015
1017
1020,1019
1037,1036
1043,1042
1044
1092
1105,1104
1106
1139,1138

(A Vele(x) V) Ay=x Ay
Ov(lAl)yvo=1
OVe(zva)Ve=1
IA(OV(IAL) V) =0V (1AL
Ov(Ial)yvi=1vl
ov(IAal =1
(0\/6(1/\1))/\1:0

(((clyvVO) Vely V1)) Acly)) V0)
((0Ve(1V 1)) A0)V0)
0Ve(yVy))
(c(yVO0)Ve(y V1))
clyv 1)) Acy) Vv
(OVe(lVI1)AD

~—

\_/
< o
o
=
=
>
<
[l

0V (xAz)
eV{yVv((OVve((zvVz)V(zvz)))Vvze)=yVl1
tV1I=(0Ve(yVy)) V(zVy)
(OVc(x\/x))\/(y\/x):y\/l
(LA(LAT)VO)vO=1
OVO)V1=0V1
eVyv)=zv({1V(yVv0))
(IA(1AL))VO=1

IA(IAL) =1
(l‘Vy) (xvV(OVe(yVvy)) ==
A0V (0V0)) =

0
yv1) ==

YV (zVe(z)) ==

c(LAL)) ==
zA(((0Ve(IV1)A0)VO)
0=1

)

(l‘V(yAl‘)) (c(y
(xV(yAz))A(ely
(zvDA(zvV(0V

A (OVe(lAl))
(0 \/c(O\/(O\/ 0)
(xV(AAL))A(O
E(l A 1) ) (0

0\/6(0\/(0
(OVe((z Vv
(1Al Ve
(LAY VeV
(IAD)Ve(lv(
IANOV((IADVL
(IA )v1_(0v1)

1
<

)

S>

e

||<<<

H:CQ
[
H)—‘
<>
H)—‘

o\_/<\-/
=
< <

=

OAO
< <
O\-/»—k/—\

—
—_ o

[}

I

<=

~=
~—

VI)A(OVI)=0V1
OV1)V (1v(0v0)) 1
(Vv (OVI)A(QD (
J(L‘/\(((O\/c(

1V 1)) A0) :: A0V e(0V 1))
V1) Az V(0Ve(0V1)) =

30

[6:169,28]

[82 — 90,46]

[45 — 90]

[192 — 41]

[192 — 22]
[200:203,46]

[209 — 9]

[209 — 4]

[51 — 29,169,14]
[49 — 29,169,18,14,14]
[45 — 29,14]

[41 — 29]

[218]

[190:220]

[221]

[29 — 11]

[27 — 108]

[51 — 110,169]
[41 — 33]

[33— 15]

[15 — 196]

[196 — 19,169,28,220,226]
[196 — 15]

[196 — 4]

[315]

[214 — 110,169,83,171]
[196 — 216,181,14,14,14,14,305]
[4 — 40Q]

[320 — 47,321,46]
[419 — 47,420,46]
[45 — 43,14]

[209 — 43,14,14]
[19 — 43]

[4 — 43]

[422 — 43,14
[422 — 29,220,14]
[438 — 90]

[82 — 53]

[422 — 452,14]
[45 — 452,14]
[468 — 47,469,46]
[196 — 60]

[82 — 282]

[282 — 47,83,903,46,83]
[21 — 946]

[946 — 53]

[946 — 19]
[1017:1020,56]
[639:1037,1037]
[1015:1037]
[503:1037]
[466:1037]
[464:1037]
[209:1037]



1144
1146
1148
1151,1150
1161,1160
1163,1162
1164
1166
1181
1190,1189
1203
1286
1295
1459,1458
1550,1549
1560,1559
1896
2005
2135
2213
2216,2215
2235
2361,2360
2384,2383
2405
2411
2535
2733
2816,2815
3021
3107
3185
3208
3210
3865
3867,3866
3877
3881,3880
4923,4922
5028
5587
5612,5611
5840
5844
5866,5865
5883
6410
6422
7247
7474
9519
9633
10131,10130
10150

(OVO)Ve(OV1)ALT=0V0 [133:1037]

OVO)V(OV1) =1 [96:1037]
(zVOVL)A(zV(0V0) == [92:1037]
c(0V0)=0Vv1 [82:1037]
(A V(eAOVeOVI))Ay=aAy [225:1105]
cle(z)v1) =2z A(0Ve(0V1)) [219:1105]
AVOVI)A(OVL) =1 [1036 — 452,14]
c(e(z) V (0V 1)) = z /\ 0V 0) [1036 — 29,14,14]
OV (1V(0V0)) = [21 - 1138]
0V (0V (a:\/l))—x\/l [1138 — 16]
Ovov(OV(zvl)=aVvl [1146 — 16]
OV (1V(zV(0V0)) =aV1 [1181 — 16]
OV(zv(1 (0\/0)))_90\/1 [1181 — 4]
OV(LVI)AOVI) = [40 - 1164,18]
A (c(0V(1V1)Ve( \/ 1))=2xA(0Ve(0V1)) [1458 — 29,1163]
AVOVO)VI=(V1)V1 [1044 — 19]
(zVAV(((zv1)V(zVv1)VO)HAOVL)=(zV]1)V(zV]) [40 — 651]
(ec((OvvVI)ve(OV1)V(OV]) =1 [1042 — 33]
OV(EVL)IAOV(zV0) == [4 — 1092]
OV(@EVL)A(zV(OV0) == [4 — 1148
0OV e((0VO0)V(0V0) = (1VI)AL [196 — 1148,744]
c(OV(e(z)v1)=2A(0VO0) [4 — 1166]
(e((0OvVO)VO)Ve(OV1)V1i=0V(L1V1) [282 — 1286,367]
LAV e(0V1))=e(0V1) [1458 — 84,1550]
c(0vae)=1A0Ve(zVer)) [45— 84,14]
INOVe(rVe))=cOVea) [2405]
(V{AAY)YANOV(2Vely)) == [4 — 86]
LA((LVOVO)V(((0OVI) VI VL) =(0VI1)V1 [1559 —+ 55,1560]
c((0'V 0) v 0) V (0 V1) = (1VI)Al [282 — 2213,367,2361,1190,367]
c(LV(OVO0)) = 1A (0Ve(lV1)) [21 —s 2405]
OV(IA(LVIAL) =1 [2405 — 714,2216]
AOVe((LVI)AL)) =0 [3107 — 84,14,14]
OvVEVAA((IvI)Al))=aV1 [3107 — 4]
((OVe(IVI) AL VO AV =0Ve((1V1)AL) [3185 — 452,14]
eAOVe(lyVv((IVv(yvo)Vv))) =cle(z)Vv(1V(yVv0))) [39 — 227]
AOVe(LV1)=aA0VeOV1)) [21 - 227,18,1163]

C( (@) VLV (yV0))=zA0VelyV(1V(yV0)V1)) [3865]
c(1V(OV0)=c(0V1) [3021:3867,2384]
OV(zAz)V(yv)=zVv(yVvl) [319 — 64,169,28,1163,1161]
(VAVVONA(VOVe(yV((LV(yVv0)V))) ==z [39— 430]
OV((OVI)A(OV1)=0Vv1 [319— 1106,169,28,1163,1161,305,1043,169,28,1163,1161]
0V Ve(OV1)V(OV1)=0V1 [5587 — 319,181,4923]
((OVO)VO) A ((LVI)AL)A(OV 1)) VO)AL) =0 [1144 — 248,169,367,2816]
c((OVO)VO0) = (LVI) AL A(OVI)VO)AL [1144 — 104,169,367,2816,14]
c((OV 1) V1) = (0VO0)A(0Ve(0V1)) [1150 — 1162
(OVO)A(OVe(OVI)))Ve(OVI)V(OVI)=1 [2005:5866]
c(eVv(0V1)=(c(xVO)Ve(xVI1)AOVO) [1150 — 168]
sAOV(yAy) =z Ay [221 — 168,169,28,1163,1161,28,1163,1161]
eA((yAeley))vi)=aAy [168 — 218,28,1163,1161,28,1163,1161]
c((xA OV VY =0V (c(e) V1) Ale(yV0)Ve(yVvl)) [2235 — 222]
((xAcy) V(eAy) Velz) = [9 — 242,169,28,1163,1161]
(1AZ)Ve(0Va)) Vo= [2411 — 9519,169,1151,12,46,14]
(LAz)Ve(OVz))Vi=1V1 [9633 — 319,1151,1139)]
(IAz)Ve(OVe)=1 [9633 — 2135,10131,1459]
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10186 (IAz) VeV ((zAcle(z))V0)) =1 [7247 — 10150]
10212 c(Ovae) VeV (((e(zvO)VelzV1)Ae(z)) VD)) =1 [224 — 10150,14]
10220 eVe(OV(zVvae))=1 [45 — 10150]
10301,10300 (1 Az)vV1=(0Va)V [10150 — 319,169,28,1163,1161,305]
10440 (0 Y (x Y x)) Vi=zVvi [10220 — 319,169,28,1163,1161,305]
10444,10443 1 A(OV (z V (zV ))) = [10220 — 130]
10445 IA(zV(zvV(0Vae)))= [10220 — 76]
10688 OV ((zAele(x))) V )) vi=0vae)vl [7247 — 10300,10301]
10690 Ov(OVv(zAz))VI=(0V x) v [6422 — 10300,10301]
10848,10847 ((0V 1)V 1)V 1= (0 1) [1295 — 10440,1560,1560]
10902,10901 1A ((1v(OvO) vV ((OVvI)vI)=(OVvI)Vvl1 [2733:10848]
10903 0v(1Vvl) =1 [10440 — 126,10444]
11101,11100 ((z Ac(e(z)))VO)VI=2a V1 [258 — 19,28,1163,1161]
11131,11130 1vV1=0V1 [10903 — 1203,367]
11458 c((OVO) V) =({(((0OVIYAL)A(OVI))VO) AL [5844:11131]
11460 (OVO) VO A{((((OVI)A)A(OVI)VO)AL) =0 [5840:11131]
11596 (0v c((O v 1) AL VO A(OVL) =0Ve(0V1)AL) [3210:11131,11131]
11598 OV (zV(IA((OVAL)) =2Vl [3208:11131]
11992,11991 (0V1)V1=1V ( v 0) [1181 —+ 10445,1560,10902]
12052,12051 (0 0) A (0V ¢(0V 1)) = ¢(0 V 1) [5865:11992,3881]
12140,12139 0V 1 =1 [5883:12052,5612]
1225312252 0V (zV 1) =2 V1 [11598:12140,1037,12140,1037,12140]
12255,12254 ((0vO0)vV0O)A1l=0VO [11596:12140,1037,12140,14,12140,12140,1037,12140,14]
12354,12353 0v 0 =0 [11460:12140,1037,12140,12140,1037,12140,18,1037,12140,12255]
12356,12355 ¢(0) =1 [11458:12354,12354,12140,1037,12140,12140,1037,12140,18,1037,12140]
12406,12405 1v1=1 [11130:12140]
12584,12583 (c(x VO)Ve(z V1)) A0 =c(z V1) [6410:12140,12354]
12810 zVv(AV(((zvD)V(V1)VONAL=(zVI1)V(zV]) [1896:12140]
12827,12826 c(c(x) V1) = 2 A0 [1162:12140,14,12354]
1282912828 ((x A1)V (x AO)) Ay =z Ay [1160:12140,14,12354]
12896 c((xA0)Vy)=(e(x) V1) A(c(y V) Vely V1)) [7474:12354,12253]
13249,13248 0V (zV (y vV 0)) = 2 V (y V 0) [12353 - 15]
13257,13256 0V (2 V 0) = 2 V 0 [12353 - 4]
1331513314 (Ovz)V1i==aV1 [10688:13257,11101]
13316 cOvae)ve=1 [10212:13257,105,169,28,12827,12829,42,52]
13318 (1Az)Ve(z) =1 [10186:13257,105,52]
13448 (zAz)VIi=aVl [10690:13315,13315,13315]
13452 (zva)vi=avl [10440:13315]
13859 rV(e(zVO) V1) =1 [13316 — 124,12406,13257]
13861 clzvO)Vv(zvl)=1 [13316 — 60,12406,13257]
14031 zVe(leve)=1 [45 — 13318]
14186,14185 (zVz) Al == [14031 — 2535,46,12140]
1430514304 (Vv ((x Vy)Vy) Al=aVy [4 — 14185]
14332 (clxva)vO)vae=1 [14185 — 110Q]
14719 clzvO)vV(zv0o) =1 [13256 — 13316]
14843 1V(VO)V1l=(zV1)V1 [386 — 13314,13249]
14882,14881 1V ((0V ) V0) = 2 V 1 [21 — 13314]
15156,15155 1V (V&) V0) =z V1 [21 — 13452]
15158,15157 (x VI V(zV1) =2Vl [12810:15156,14305]
15355,15354 Alzv])=eVv1 [286 — 74,34,15158,34]
15822 V (y ( (yV{(zvyv)vevl))vl)=1 [70 — 290,14882]
15828 VeV (Iv(@v))vi)vi)=1 [39 — 290,18,13315]
15842 VgV eV LV @V V) VL) =yV1 [290 — 62,18,13315]
16165 (x Ve(yVEVievovI)))Alyv(zvl)) =« [13859 — 130]



16209 c(x) V(v =1 [13448 — 13861,105,14186]

16220,16219 c(z V1) V1= ¢(z V0) V1 [13861 — 319,15158,13315]
16363 rV(c(z)vl1)=1 [4 — 16209]
16366,16365 c(zV0) V1 =rc(z)V1 [16209 — 319,15158,13315,16220]
16466,16465 c(z V1)V 1=rc(z)V1 [16219:16366]
16469 (xVelyV(V(ce) V) AyVv(zVv])) == [16165:16366]
16500 (zAQ)VI=2Vl1 [16363 — 319,15158,12827,13315]
1672316722 c(xV x) V1 = c(z) V 1 [184 — 16500,12584,16466,13315]
17210 (e(eV(IV(eVv0O)V1))VOV(LV(zVv)=1 [39 — 14332]
17536 eV1=yV(e(yVv0)V(zVv0)) [14719 — 68]
17573 zV(c(xVvO)V(yv0))=yVvl [17536]
1779417793 (v 1)V1i==aV1 [16209 — 307,15158,169,12354,12356,12140,14,18,15355]
17796,17795 2V (e(x Vy) V1) = ¢(y) V 1 [319 — 307,13315,16723,13315,16723)]
1787517874 (1V (zVO0))V1=zV1 [14843:17794]
17905,17904 c(z)v1=1 [15828:17875,17796,16466]
17907,17906 x V (yV 1) = 1 [15822:17905]
17916,17915 1V (Vv 0) =1 [17210:17875,17907,14,12354,13249]
17918,17917 zv1 =1 [15842:17916,12406,17905,17907)
17920,17919 1A (zV0) == [5028:17916,17918,17916,17918,17918,14,12354]
17922,17921 = A0 =0 [3877:17916,17918,14,17916,17918,17918,14,12354]
17980,17979 (¢ VO)Al == [16469:17918,17918,17918,14,17918,17918]
17989 c(0V ) = ez v 0) [12896:17922,17918,17918,14,17920]
18409 zV(c(xVvO)V(yvo))=1 [17573:17918]
20575 Ova)Al== [17989 — 27,28,17980]
20873,20872 #VvV 0 ==« [13256 — 20575,17980]
21639 zV(ic(z)Vy) =1 [18409:20873,20873]
21688,21687 Al ==« [17979:20873]
21862,21861 c(c(z)) = « [27:20873,21688]
21863 $Ans(CC) [21861,2]
22975 zVzAy) == [21639 — 454,21862,21688,21862]
22977 $Ans(B1) [22975,1]

Independence of the B.A 4-basis {AJ, DM, ONE, CUT} is open. In particular, we have not been able to find a
proof or countermodel of

{AJ, DM, CUT} = ONE.

The simplest multiequation basis we know of for 5.4 in terms of join and complement is the following, due to
C. A. Meredith[13].

cle(x)Vyy Ve == % MER_1
cle(x)Vy)V(zVy) =yV(zVe) %MER2

For comparison, the Robbins 3-basisfor B.4 (in terms of join and complement) is the following [12].

(zVy)Vz=2zV(yV2) % AJ2
rVy=yVeze % CJ
cle(z Vely)) Ve(rVy)) =z % Robbins

2.2 In Terms of the Sheffer Stroke

This section contain multiequation bases, in terms of the Sheffer stroke, for 0L, OML, MOL, and BA. (There
cannot be abasisfor £ interms of the Sheffer stroke.) We prove each basis equivalent to the corresponding basisin
terms of join, meet, and complement with two Otter jobs, and we show independence with Mace2 countermodels.
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2.2.1 Ortholatticesin Terms of the Sheffer Stroke

The following is a 3-basis for ortholatticesin terms of the Sheffer stroke.

(z[((12)1(yl2))) = (yl((x]2)[(x]2)))

((z]2)[(x]y)) = =

(|(x]e

)) = (yl(yly)

%A_SS
% B_SS
% ONE_SS

The following two Otter jobs show that this basisis definitionally equivalent to the (join/meet/complement) O L

basis {AJ, B1,

Proof OL-SS

37,36

47
49,48
54

58

59

64

65

87
92,91
103

162

182
205,204
210,209
214

215

218

DM, CC, ONE}.

AV(BVC)# BV (AVC) | $Ans(AJ) 1
AVe(e(A)Ve(B)) # A | $Ans(Bl rewritten) 1
ANB#c(c(A)Ve(B)) | $Ans(DM) 1
c(e(A)) # A | $Ans(CC) 0
AVe(A) #BVe(B) | $Ans( 1
(A|B) # c(A) Ve(B) | $Ans(DEF_SS) [
(z((y]2)|(y]2))) = (wl((]2)](z]2))) [l
((z|2)l(x]y)) = = (]
(z[(x]2)) = (4l(v]y)) (]
zVy = ((z]x)[(yly) (]
((zl2)l(yly)) =z Vy [12]
v Ay = ((aly)l(ely) i
((=W(zly) =z Ay [15]
clz) = (o) i
(¢l2) = e(z) (18]
(ele((31)) = (vle((2]2))) (820,20
(z]c(x)) = (yle(y) [11,20,20]
c((xly)) =z Ay [16:20]
(e(x)|e(y)) =z Vy [13:20,20]
(e(2)l(2]y)) = @ [9:20]
(zlyAz) = (ylz Az) [21,24,24]
cle(z)) == [19 — 27,20]
$Ans(CC) [36,4]
c(z) A (2ly) = c(x) [27 — 23]
rAc(z) =yAce(y) [22 — 23,24]
(z|y) = c(z Ay) [23 — 36]
c(x) ANe(z Ay) = c(x) [41:49]
clxAN(yAz)=clyn(zAz)) [29:49,49]
cle(z) Ae(y)) =z Vy [25:49]
(@) Ne=yAc(y) [36 — 47]
zAhc(z)=cly) Ny [64]
zAcle(z)Ny) == [36 — 54,37]
zAhc(yAely)) == [64 — 54,37,37]
clx ANy) =clyAx) [91 — 58,92]
zAc(yAe(z)) == [103 — 87]
rAy=yAz [103 — 36,37]
clxAe(y)) =clz)Vy [36 — 59]
cle(z) Ay) = 2 Ve(y) [36 — 59]
zVe(zr)=yVe(y) [65 — 59,210]
$Ans(ONE) [214,5]
rVy=yVze [103 — 59,205,37]
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223 A (c(y) Vo)==«

330 tA(yvVe) ==«

340 tA(xVy) =«

344 (zVy) Ay=y

380 (xVy)he=x

386 e N(yn(zV2))=clyAez)

400 cllxvyyA(zAz)) =clzAx)
913,912 ez Ay) =c(z) Ve(y)

914 cle(z) Vy) Ve ==

916 clxVely) Vy=y

1260 c(xVy)V(e(z) Ve(r)) =c(z) Ve(r)
1268 c(x) V (e(y) Velz Vz)) =c(y) Ve(r)
1360 (z|y) = c(x) V c(y)

1362 $Ans(DEF _SS)

1365 eVe(le(z)Vy) ==

1367 $Ans(Bl_rewritten)

1372 clxVy) Vely) = c(y)

1374 zVe(yVel(r)) =

1461,1460 c(z)Ve(z Vy) = (l‘)

14651464  c(x) Ve(y V ) = c(x)

1810 Ay =c(e(z) Ve(y)

1812 $Ans(DM)

2611 c((zVy)Vz)Vely) =cy)

2613 c((xVy)Vz)Velr) =c(x)

2631 c(x)V(yVvelzVz)=yVe(r)
2669 ((zVy)Vz)Vy=(xVy Vz
3002,3001 ((xVy)Vz)Ve=(zVy Vz
5126 (zVy)Vz=(yVa)Vz

5169 tV(yvz)=(zVy Ve

14574 (zVy)V(zVy) =2V (zVy)
15295,15294 (l‘ Y y) (zVa)=yV (V)
15296 V{yVvz)=yV(zVz)

15297 $An5( J)

Proof OL-SS-2

1 (A[((BIC)[(B|C))) # (B

2 ((A[A)|(A[B)) # A | $Ans(SS)

3 (Al(AlA)) # (BI(B|B)) | $Ans(S5)
4 AV B # ((A|A)|(B|B)) | $Ans(J)
5 ANB# ((AB)|(A|B)) | $Ans(M)
6 c(A) # (AlA) | $Ans(C)

8 tV(yVz)=yV(zVz)

9 eV(zANy) =«

12,11 Ay =c(e(z) Ve(y)

14,13 cle(z)) ==

15 zVe(zr)=yVe(y)

16 (zy) = c(x) V c(y)

18,17 c(x) Ve(y) = ( |v)

19 zVe((zly)) =

21 l‘Ay—C((l‘|y))

27 clz)Vae=yVe(y)

35

[((AIC)[(A]C))) | SAns(SS)

[162:205]
[36 — 223]

[218 — 330]

[182 — 330]

[182 — 340]

[340 — 58]

[380 — 58]

[36 — 204]

[380 — 204,37]
[344 — 204,37]
[400:913,913,913]
[386:913,913,913]
[48:913]

[1360,6]

[218 — 914]
[1365,2]

[36 — 916]

[218 — 916]

[36 — 1365]

[36 — 1374]

[912 — 36]

[1810,3]

[1464 — 1260,1465]
[1460 — 1260,1461]
[36 — 1268,37]
[2611 — 1365,37]
[2613 — 1365,37]
[218 — 2669,3002]
[218 — 5126]

[1372 — 2631,37,37,37]
[5169 — 14574]
[5126 — 14574,15295]
[15296,1]

(]

(]

[]

(]

(]

(]

(]

[]

(]

(]

(]

(]

[16]
[9:12,18]
[11:18]
[13 — 15]



28

31

39
40
48
49

75

77

79
86,85
87
94,93
95
97,96
98
100
101
103
108
110
119
120

$Ans(J)

((z]z)|(z]y)) = =

$Ans(SS)

(z|(x]x)) = (yl(yly))

$Ans(SS)

(@|(((wl)])((wl)12))) = (Wl ((x]2)](2]2)))
Ay = ((z|y)](=]y))

$Ans(M)

(@[((y2)|(yl=))) = (wl((2]2)[(2]2)))

$Ans(SS)

[27]

[13 — 17]

[17 — 8]

[39]

[17 — 28]

(48]

[13 — 31]

[19 — 31]

[75]

[77 — 77,14]
[85,6]
[79:86,86]
[93,4]

[77:86]

[96,2]
[49:86,94,97,86]
[100,3]
[40:86,86,94,97,94,97,94]
[21:86]

[108,5]

[96 — 103,97,97]
[119,1]

The following three Mace2 jobs show that the O£ 3-basis {A _SS, B_SS, ONE_SS} isindependent.

Countermodel OL-SS-a

f(F(x,x),f(x,y)) = x.
f(x, f(x,x)) =f(y, f(y,y)).

f(AT(f(B C,f(BQO)) = f(Bf(f(AQ,f(AQ)).

Table 18: OL-SS-a.out

Countermodel OL-SS-b

f(x, f(f(y,z),f(y,
f(x,f(x,x)) = f(y
f(f(A A,f(A B))

z)))
Sy, y)).
= A

f: 10
B: 0 Al 0|0
1(0

Table 19: OL-SS-b.out

36

= f(y,f(f(x,2),f(x,2))).

o O

% B_SS
% ONE_SS
% deni al of A _SS

% A _SS
% ONE_SS
% deni al of B_SS



Countermodel OL-SS-c

2.2.2 Orthomodular Latticesin Terms of the Sheffer Stroke

The following is a 3-basis for orthomodular lattices in terms of the Sheffer stroke.

|(y12))) = (yl((x]2)[(x]2)))

F(x, £(f(y,2),f(y,2))) = f(y, f(f(x,2),f(x,2))).

f(F(x,x),f(x,y)) = x.

f(AT(AA) !=f(B (B B)).

(yl2)
(le))

v))

(zly)

Table 20: OL-SS-c.out

% A_SS
%B_SS
% OM_SS

% A _SS
% B_SS
% deni al of ONE_SS

Thefollowingtwo Otter jobs show that thisbasisis definitionally equival ent to the (join/meet/complement) O M L
basis {AJ, B1, DM, OM}.

Proof OML-SS

1 AV (BVC) #

2 AV (AAB)#A | $4Ans(B1)
3 AANB#ce(c(A) Ve

4 AVe(AVe(AV B)) #

5 (AIB) # e(A) v e(B) |

7 Cl(12)1612) = (@
8 (]2 (2ly) = =

10 (el (219)) = (1)

12 zVy = ((z]x)[(yly)

13 ((zl2)l(yly)) =z Vy

15 v Ay = (x| (zly))

16 ((=W(zly) =z Ay

18 c(z) = (z]x)

20,19 (z|x) = c(x)

21 (ele((wl2))) = (vle((2]2)))
23,22 c(zly)) = e Ny

25,24 (e(x)|e(y)) =z Vy

26 (c() (x]y) =

28 (zlyAz) = (ylz Az)
39,38 cle(z)) =z Ve

44,43 c(z) ANe(y) = c(z Vy)

45 (e(@)|(c(z)]zVy)=aVy
49 (x|y) V (x]y) = c(x A y)
64,63 rVe==z

74,73 (z|ly) = c(x Ay)

78,77 cle(z)) ==

85 eV (c(r)A(zVy)=aVy

BV (AvC) | $Ans(AJ)
|
c

B)) | $Ans(DM)
AV B | $Ans(OM _rewritten)
$Ans(DEF _SS)
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(18]

[7,20,20]
[16:20]
[13:20,20]
[8:20]
[21,23,23]

[19 — 24]

[24 — 22]

[24 — 10,25]
[22 — 38]

[19 — 26,20,39]
[49:64]

[38:64]
[45:74,74,44,78]



89

91

100
104,103
107

109
117,116
118

125

128

130

143

172

209

210

eV(zANy) =«

$Ans(B1)
clxAN(yAz)=clyn(zAz))

c(z) Ny =c(z Ve(y))
eVe(eVe(rVy)=aVy
$Ans(OM _rewritten)

Ay =c(e(z) Ve(y)

$Ans(DM)

@) V (ey) V ¢(2)) = e(y) V (e(@) V e(2)
(x]y) = c(x) V c(y)

$Ans(DEF _SS)

2V (els) V () = efn) V &V e(2))
eV (yVelz) =yV(xVe(z))
tV(yVz)=yV(zVz)

$Ans(AJ)

Proof OML-SS-2

O©ooOoUTh,WNEPER

12,11
13

14

16
18,17
20,19
21

23

25

27

29

31

32

35

37

39

47

53

54
92,91
104
107,106
140
144
149
156,155

(A|((BIO)[(B|C))) # (BI((A|C)[(A]C))) | $§Ans(A-SS)
(AJA[(A[B)) # A | $Ans(B.SS)

(A|(A|(A]B))) # (A|B) | $Ans(OM_SS)
AVB £ (A[A)|(BIB)) | $Ans(DEFJ)
ARB £ (AB)(AIB) | $Ans(DEF )

c(A) # (A|A) | $Ans(DEF_C)

tV(yVvz)=yV(zVz)
eV(zANy) =«

Ay =c(e(x) Ve(y)
zVie(z)A(zVy)=aVy

zVe(lele(z))Ve(xVy)=aVy
(zly) = c(@) V c(y)

@) V ely) = (xl)

eV el(ely) = ¢
zVe((e(z)zvy)=aVy

z Ay = c((z]y))
tV(yVzVu))=2zV(zV(yVu)
eV (yVe((zl2) =yVve
(ele(w)y) = ()

2V (y]2) = ely) v (& V e(2)
@)V (yV o(2)) = y v (]2)
zVe(le(n)) ==
zVe((e(z)lx)) ==
(el(e(el@)(eln) = (1)
eV (yVele(n)) =yVve

zV (yle(z)) = c(y) Ve

c(x) Vy=yV(zlc(y))

() V (slele(x))) = (o)
clx)Ve=zVe(r
c(x)V(eVy) =z Ve(r)

w2V (yVe(y)) =cly) vz Vy)
clx)V(yve) =yV(zVec(r))
cle(w)) V (& V e(a)) = (zle())
clx)V(yve) =zVce(r)
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[26:74,74,44,78]

[89,2]
[28:74,74]
[77 — 43]

[85:104]
[107,4]

[77 — 103]
[116,3]

[100:117,117,78,78,117,117,78,78]

[73:117,78]
[128,5]

[77 — 125,78]
[77 — 143,78]
[77 — 172,78]
[209,1]

(]

(]

(]

(]

[]

(]

(]

(]

(]

(]

[13,12]

(]

[16]
[9:12,18]
[14:18]
[11:18]
[8— 8]
[19— §]
[19 — 17]
[17 — 8]
(31]

[29 — 19]
[19 — 21,20]
[17 — 21,18,18]
[35— §]
[17 — 47]
(53]

[17 — 54]
[37 = 27]
[21 — 27]
[104 — 8]
[140]

[106 — 106,18]
[47 — 106]



170,169
171
174,173
176,175
183

237

252

270
272,271
274

279

280

283

294

296

306

314

330
352,351
353

354

363

375
378,377
379
409,408
472

480

493

497

643
766,765
898

900

1132
1162,1161
2136

2138

3290

4012

4016
5787,5786
5788
5806,5805
5807
5841,5840
5842

5938
5963,5962
5995,5994
6607,6606
7277,7276
7279,7278
7708,7707

2V (yVe(y) =yVely)

eV (c(zr)Vy) =2 V()

2V (@) = (2le(®))

£V (yle(s)) = (vle(w))

2 (e(2) V1) = (elel®))
(ele2) = (yle(v))

c(x) V (ylz) = c(y) V (2]z)
eV (yVellzle(z) =y Ve
2V el(yle(w))) = @
rVy=yVe

zV (yle(z)) =« Ve(y)

c(z) Vy=(z|e(y)) vV

cle(e)) Ve =«

c((zly)) Ve =2

(zly) = (yl=)

eV (c((zly)Vz)=2zVa
zVy=yV(c(ylz)) V)
(c(e(@))|z) = c(x)
((e(@)[y)]x) = c(x)

eV (c(x)|y) = cly) Ve

zV (ylz) = e(z) V (z Ve(y))
c(z) Vy=yV(c(y)le)
c((xly)) Vy=y

c((zle(x))) Vy =y

zV ((z|y)le(x)) = =

c(e(x)) = (c(@)]c(x))
(@|((c(@)|e()|(x]y)) = (]y)
((zle(x))]y) = c(y)
((le())ly) = c(y)

c(x) = ((yle(y))|=)
c(((c((z|e(@)))|e((lc(x))ly) =y
c(((zle(@))[y)) = (c(y)]e(y))
zV (c(x)|(x]y) = =
((xly)le(x)) Ve =2
(c(@)(z|ly)) Ve =z
((c(@)w)](c(@)]e(x))) V (z]x) = (z]z)
(c((zle()))]e(y) V (z]e(y)) =
(c((c(@)[y)]e(@)) V (c(x)]y) =
eV (c(x)|y) =« Ve(y)
(c(((c(z)]y)[(c(@)]c(x))
(zle(y) Vy =y V (c(y)|r)
((e((z]e(@)))le((zle(=))))]y) =
(c(x)|ly) Ve =zVe(y)
(c(@)lc(x)) = @

zVe(y) = (c(x)ly) v

c(x) = (z|v)

$Ans(DEF_C
(@|(((2]2)|(x]x))[(x]y)) = (x]y)
((z]x)|y) Ve =aV(yly)
((x]x)|(x]z)) ==

(=l(yly) Vy =y V ((yly)z)
2V (yly) = ((x]x)]y)

zV ((z|x)y) = (yl(z|x))
((z]z)|(z]y)) = =

39

[25 — 106,107]
[8 — 106]
[149:170]

[144:156,174,174]
[171:174]

[175 — 183,176]
[54 — 32,92]

[237 — 27]

[237 — 19]
[270,272]

[54 — 274]

[53 — 274]

[35— 274]

[19 — 274]

[17 — 274,18
[274 — 27]

[306]

[17 — 283]

[29 — 296]

[296 — 53]

[296 — 31]

[353]

[296 — 294]

[237 — 294]

[54 — 294]

[330 — 29]
[39:409]

[237 — 375,18]
[17 — 375]

[480]

[21 — 377,378,409,378]
[497 — 408]

[296 — 379]

[274 — 379]

[274 — 898]

[900 — 32,18,409]
[493 — 1132]
[351 — 1132]
[296 — 279]

[379 — 363,409,409,1162]
[280 — 363]

[377 — 3290,409,18]
[274 — 3290]
[643:5787,766]
[5788]
[4012:5806,352,409,5806]
[5840,6]
[472:5841,5841]
[5807,5841,5841]
[5805:5841,5841]
[4016:5841,5841]

[2138:5841,5841,5841,5841,5963,5995,5963,5841]
[2136:5841,5841,5841,5841,5963,5995,6607,5841]

[1132:5841,5963,7277]



7709 $Ans(B_SS
7950,7949  (x|x)

7957,7956 zV (ylz
7961,7960 x Vy = ((z|*)|(yly)
7962 $Ans(DEF _J)

7967 (2]((yl2)|(yl=

7968 $Ans(A_SS)

7977 ANy = ((zly)l(x]y))
7979 $Ans(DEF _M)
8024 (l(=|(z]y))) = (=|y)
8026 $Ans(OM _SS)

[7707,2]
[363:5841,5841,7279]
[354:5841,5841,7277,7950]
[314:5841,7950,7957,7708,7708]
[7960,4]
[252:5841,7961,5995,5841,7961,5995]
[7967,1]

[23:5841]

[7977,5]

[5938:5995]

[8024,3]

The following three Mace? jobs show that the O M £ 3-basis {A _SS, B_SS, OM _SS} isindependent.

Countermodel OML-SS-a

PO %), F(xy))
PO f(x, T(x,y)))
f(Af(f(B O, f(B,

0

Countermodel OML-SS-b
f(x,f(f(y,z),f(y,2))
f

Y,
f(x, f(x,f(x,y))) =
f(f(AA,f(AB)) !

Countermodel OML-SS-c

X
f(x,y)
)) =

Table 21: OML-SS-a.out

o o

Table 22: OML-SS-b.out

% B_SS
% OM SS

f(B,f(f(AC,f(AC)). %denial of ASS

R ok

= f(y,f(f(x,2),f(x,2))). % A_SS
(x,y
= A

% OM_SS
% deni al of B_SS

f(x,f(f(y,z),f(y,z))) = f(y,f(f(x,2),f(x,2))). % A_SS

f(F(x,x),f(x,y)) = x.

f(AT(AT(AB))) = f(A B).

Table 23: OML-SS-c.out

% B_SS
% deni al of OM SS




2.2.3 Modular Ortholatticesin Terms of the Sheffer Stroke

The following is a4-basis for modular ortholatticesin terms of the Sheffer stroke.

(z[((12)1(y]2))) = (yl((x]2)[(x]2))) % ASS
((z]2)[(x]y)) = = %B_SS

(z](x]2)) = (yl(yly)) % ONE_SS
(z[(yl(x[(2])))) = (2[(z(z[(y]y)))) %MOD_SS

Thefollowing two Otter jobs show that thisbasisis definitionally equival ent to the (join/meet/complement) MO L

basis {AJ, B1, DM, CC, ONE, MOD}.

Proof MOL-SS

1 AV(BVC)# BV (AVC) | $Ans(AJ) 1
2 AV (AAB)#A | $4Ans(B1) [
3 AANB# ( (A) Ve(B)) | $Ans(DM) 0
4 cle(A)) £ A | $Ans(CC) i
5 AVe(A) #BV c( ) | $Ans(ONE) i
6 AVe(e(B)Ve(AVC)) # AVe(c(C)Ve(AV B)) | $Ans(MOD rewritten) 0
7 (A|B) # c(A) Ve(B) | $Ans(DEF_SS) [
9 G =) = ()l (]) i
10 (e])|(2ly) = 2 i
12 (z|(z|2)) = (yl(yly)) (]
13 (el(yl(zl(:12))) = (21l (o)) i
14 zVy = ((z]x)[(yly) (]
15 ((zl2)l(yly)) =z Vy [14]
17 v Ay = (x| (zly)) i
18 ((@WI(zly) =z Ay [17]
20 clz) = (z]2) i
22,21 (z|x) = c(x) [20]
23 (ele((wl2))) = (vle((z12))) [922.22
24 (z|c(x)) = (yle(y)) [12,22,22]
25 (el(wl(zle(=))) = (2|1 ele(w)) [13.22.27
27,26 c(zly)) = e Ny [18:22]
28 (e(x)|e(y)) =z Vy [15:22,22]
30 (e(2)l(2]y)) = @ [1022]
32 (zlyAz) = (ylz Az) [23,27,27]
40,39 cle(z)) == [21 — 30,22]
41 $Ans(CC) [394]
a4 c(z) A (2ly) = c(x) [30 — 26]
50 rAc(z) =yAce(y) [24 — 26,27]
52,51 (z|ly) = c(x Ay) [26 — 39]
57 c(x) ANe(z Ay) = c(x) [44:52]
61 clxAN(yAz)=clyn(zAz)) [32:52,52]
62 cle(z) Ae(y)) =z Vy [28:52]
64 c(z Aely Aclz Ace(z)))) (z Ae(z Ae(x Ace(y)))) [25:52,52,52,52,52,52]
68 (@) Ne=yAc(y) [39 — 50]
69 zAhc(z)=cly) Ny [68]
91 zAcle(z)Ny) == [39 — 57,40]
96,95 zAhc(yAely)) == [68 — 57,40,40]
107 clx ANy) =clyAx) [95 — 61,96]
166 zAc(yAe(z)) == [107 — 91]
186 rANy=yAz [107 — 39,40]

41



209,208
214,213
215

217

219

220

223

228

240

336

346

350

386

392

406
919,918
920

922

1266
1274
1366
1368
1371
1377
1379
1466,1465
1470,1469
1816,1815
1817
2100
2617
2619
2637
2675
3006,3005
5132
5175
7211
7212
14692
15413,15412
15414
15415

$Ans(B1)
zVe(zr)=yVe(y)
$Ans(ONE)
rVy=yVe

A (c(y)Va)=
(@) V(yAlelz)Vz)=cl@)V(zA(c(z) Vy))
tA(yvVe) ==«
tA(xVy) =«
(xVy) hy=y
(xVy)he=x
clx A (yA(zVz)))
c((xVy) A(zAz))
clx ANy) =c(z) Vely

(
(
CEC(l‘) Vy)Ve ==«
(
(

~—

cleve(ly)Vy=y
eVy)V(ce(z) Velr))
c(z) V (e(y) VelzVz))
(¢ly) = c() V e(y)
$Ans(DEF _SS)
eVe(le(z)Vy) ==
c(x Vy)Vely) = ( )
zVe(yVel(r)) =
clx)VelxVy) = (l‘)
ele) V ely v ) = efz)
Ay =c(e(z) Ve(y)
$Ans(DM)

o) V lely) Ve

=]

(z) Ve(x)

=C
=C

zVe(e(y) vV c(a: \ z)) =z Vele(z) Vel Vy))

(x\/y)\/(z\/y)—z\/
(VY V(
x\/(y\/z):y\/(x\/z

Proof MOL-SS-2

OO WNPE

Al
(A

Al
AI

(BIC)|(BIC)) # (BI((AIC)(AIC)) | $Ans(A-SS)
A)(A[B)) # A | $Ans(B_SS)

AlA)) # (B|(B|B)) | $Ans(ONE_SS)

BIGNCION) & I [[$ana(310D-55)
AV B # ((A|A)|(B|B)) | $Ans(DEF_J)

ANB# ((AIB)(AIB)) | $Ans(DEF_M)

e =

(
|
(
(

42

[39 — 62]

[39 — 62]

[91 — 62,40,40]
[215,2]

[69 — 62,214]
[219,5]

[107 — 62,209,40]
[166:209]
[64:209,209,209,209]
[39 — 228]

[223 — 336]

[186 — 336]

[186 — 346]

[346 — 61]

[386 — 61]

[39 — 208]

[386 — 208,40]
[350 — 208,40]
[406:919,919,919]
[392:919,919,919]
[51:919]

[1366,7]

[223 — 920]

[39 — 922]

[223 — 922]

[39 — 1371]

[39 — 1379]

[918 — 39]

[1815,3]
[240:1816,1816]
[1460 — 1266,1470]
[1465 — 1266,1466]
[39 — 1274,40]
[2617 — 1371,40]
[2619 — 1371,40]
[223 — 2675,3006]
[223 — 5132]

[39 — 2100,40,40,40]
[7211,6]

[1377 — 2637,40,40,40]
[5175 — 14692]
[5132 — 14692,15413)
[15414,1]

[]
[]
[]
[]
[]
[l



7

9

10
13,12
15,14
16

17

18

19
21,20
22

24

25

31

32

35

37

43
44
52

53

60

65

68

73

77

79
93,92
94
100,99
101
103,102
104
106
108
109
112
113
115
119,118
120
122
145
176
177

c(A) # (AlA) | $Ans(DEF _C)
tV(yVz)=yV(zVz)
eV(zANy) =«

zV(zA(zVy))
zVele(y) Ve(z Vz))=aVele(z) Vel Vy))

$Ans(MOD_SS)

(z|(z|2)) = (yl(yly))
$Ans(ON E_SS)

(@ ((wly) )Yl
(z[((z]|2)|y)) =
x Ay = ((z[y)](x]y)
$Ans(DEF _M)
(2]2)|(3]2)) =
([ ((yl2)(yl2))) = (Wl((z|2)[(z]2)))
$Ans(A_SS)

o

[l

(1

[l

[l

[l

[l

[l

[17,13,13]

[l

[19]

[10:13,21]
[18,21,21]

[12:21]

[14 — 16]

[31]

[14 — 20]

[22 — 20]

[20 — 9]

[43]

[20 — 32]

[52]

[20 — 24,21,21]
[20 — 24,21]

[60]

[14 — 35]

[22 — 35]

[73]

[77 — 77,15]
[92,7]

[79:93,93]

[99,5]

[77:93]

[102,2]
[68:93,93,100,103]
[65:93,100,103,93,100,103]
[108,4]
[53:93,100,103,93]
[112,3]
[44:93,93,100,103,100,103,100]
[37:93,93]

[25:93]

[120,6]

[106 — 108,103,103,103,119,103]
[145 — 115,103,103
[176,1]

The following four Mace2 jobs show that MO L 4-basis {A SS, B_SS, ONE_SS, MOD _SS} isindependent.

Countermodel MOL-SS-a

f(F(x,x),f(x,y)) =X
f(x, f(x,x)) =f(y,f(y,y)).
f(x,f(y,f(x,f(z,2)))) =f°

43

(x, f(z, f(x,f(y,y)))).

% B_SS
% ONE_SS
% MOD_SS



f(Af(f(B C,f(B C)) '=f(Bf(f(AC,f(ACQ)). %denial of ASS

Table 24: MOL-SS-a.out

Countermodel MOL-SS-b

F(x, f(f(y,2),f(y,2))
f(x,f(x,x)) = f(y, f(
f(x,f(y,f(x,f(z,2)))
f(f(AA,f(AB)) =

) = f(y,f(f(x,2),f(x,2))). % A _SS

v, y)). % ONE_SS

) = f(x,f(z,T(x,f(y,y)))). % MOD_SS

A % deni al of B_SS
f:10

B: 0 Al 0|0

1|10

o O

Table 25: MOL-SS-b.out

Countermodel MOL-SS-c
f(x,f(f(y,z),f(y,z))) = f(y,f(f(x,2),f(x,2))). % A_SS

f(F(x,x),f(x,y)) = x. % B_SS
f(x,f(y,f(x,f(z,2)))) = f(x,f(z,f(x,f(y,y)))). % MOD_SS
f(Af(AA) !'=1f(B (B, B)). % deni al of ONE_SS

Table 26: MOL-SS-c.out

Countermodel MOL-SS-d

f(x,f(f(y,z),f(y,z))) = f(y,f(f(x,2),f(x,2))). % A_SS
f(F(x,x),f(x,y)) = x. % B_SS
f(x,f(x,x)) = f(y,f(y,y)). % ONE_SS

f(Af(B f(ATf(CQO))) '=f(Af(CFf(ATf(BB)))). %denial of MOD_SS

w

o

>

o

9]

|_\
aOrWNEF O™
R WN WWNO
W wulo U Wk
WWoO oo WwN
P WhOUINW
WwWwwwwow b
P WEFE WWR O

Table 27: MOL-SS-d.out
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2.2.4 Boolean Algebrain Terms of the Sheffer Stroke

The following is a 2-basis for Boolean algebra in terms of the Sheffer stroke.

(@Yl (yl=)) = (l((=|2)|(z]2))) %A_SS
((z|(yly)|(z]y)) = = % CUT_SS

The two Otter job below show that this basis is definitionally equivalent to the (join/meet/complement) B.A basis
{AJ, DM, ONE, CUT}.

For reference, the simplest multiequation basis for 5.4 in terms of the Sheffer stroke is known to be the
following [20].

xly = ylz
([y)[(2|(yl)) = =

Proof BA-SS

1 AV(BVC)# BV (AVC) | $Ans(AJ) (1
2 ANB # e(e(A) v e(B)) | $Ans(DM) i
3 AV e(A) £ BV e(B) | $Ans(ONE) i
4 cle(AVe(B))Ve(AV B)) # A | $Ans(CUT _rewritten) [
5 (A|B) # c(A) Ve(B) | $Ans(DEF_SS) (1
7 CA(DN1))) = (]l i
8 ((|(yly)I(x]y)) = []
10 zVy = ((z|2)l(yly)) (]
1 ((z]2)|(yly)) == Vy [10]
13 Ay = ((z|y)](=]y)) (]
14 ((y)l(zly) =z Ay [13]
16 c(z) = (z|v) (]
18,17 (z|x) = c(x) [16]
19 (2le((y]2))) = (yle((x]2))) [7,18,18]
21,20 c(zly)) = e Ny [14:18]
23,22 (e(x)|e(y)) =z Vy [11:18,18]
24 ((xle()(z|y) == [8:18]
26 (zlyAz) = (ylz Az) [19,21,21]
27 A =c(e(x)) [17 — 20]
30,29 (z Ayle(2)) = (z|ly) V = [20 — 22]
31 (e(x)|lyAz)=aV(yl2) [20 — 22]
33,32 cle(z)) =z Ve [17 — 22]
36,35 rAe=xVe [27:33]
38,37 c(@)Ne(y) =c(zVy [22 — 20]
39 ((xly A 2)|(x](yl2)) = = [20 — 24]
41 (z Vyl(c(x)y)) = c(x) [22 — 24]
43 (((zle(y) ]z Ay)lz) = (z]e(y)) [24 — 24,21]
45 ((e(®)|ly Vy)leVy) =clx [22 — 24,33]
47 ((z]e(z))|e(x)) = = [17 — 24]
49 (le(y)) A (zly) = c(@) [24 — 20]
52,51 clxVe)=clz)Vc(r [32 = 32]
54,53 (z|ly) V (2ly) = c(z Ay [20 — 32]
55 ((xly Vy)l(zle(y)) = = [32 — 24]
58,57 (e(x)|lyVy) =z Ve(y) [32 = 22]
60,59 (zVvezle(y) =cl@)Vy [32 = 22]
62,61 (z Vely)|leVy) =c(x) [45:58]
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63

69

71

72

74

75

77
79,78
82,81
94

96

102

118

122

132
141,140
147,146
155
157,156
161,160
176

184

185

200

203

214

218

223

226
246,245
250,249
251

253

279
331,330
338,337
342

348
357,356
367,366
373,372
391,390
392

400

401

409

420

434
466,465
468,467
469

479

486

488

Ay

(xVa)Acly) =cle(x) Vy)
(@) A (yVy) =clzVe(y)
(@lY)lzAy) Az Ay) =z Ay
(zle(y)) = ((yle()) |z A e(y))
(z Aylz Au) = (2]y) V (2]u)
(zVy) Ale(@)ly) =2V
(ly vV y) A (x]e(y) = c(x)

(z Vyle(z) ANy) Ae(x) =c(z Vy)
(zVely) A(zVy) =z Ve
(xVelyVy) =clz)Ve(y)

EJ; ValyAz)=clx)V(ylz)

(

(

zV(xVyly)) Ne(z) =c(z Vy)
z|(x Ve(x)) Ar) = c(x)
sA(yAz)=yA(zV2)
sA(yVy) =yA(@Ay
tV(yve)=yV(zVz)
zV(yVy) =yV(zVy)

(ele(y A ) (e v o)) = @

e ANz AU)=2A(zA(yAu))
zAc(yVz)=cly) Az Ac(z))

e ANz AU))=yA(zA(zAu)
eA((xVe(@)Ae)=zVe
el (o)) =

~—

"
>
N
=
ENg
> =
o=
<&
a8 T e

— L — —
~—

<
=
I

(zV(yVve)AlyVelr)=yVy
((c(@)y)]z Vo) = (x Vyle(e(x) Ay))
(le(y v 2)) =y V (x]c(2))

zV(xV ((c(@)|n)]y)]y) = (c(2)]y)
zV(c(y)]z) =y V (c(x)l?)

(= V (=) [(yl(e(2)]2))) =

c(xV (ylz)) =y Ale(x) Az)

A (c(y) Az)=c(yV (z]2))
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[20 — 47,21]
[47 — 20]
[35— 26]
[17 — 26]

[71]
[26 — 24]

[26 — 20,21]
[32 — 37]
[32 — 37]

[20 — 69,21,21]
[69 — 26]
[20 — 29]

[41 — 20,33]
[32 — 49]

[41 — 49,21]

[22 — 49,33,58,33]
[32 — 57]

[32 — 31]

[26 — 31]
[132:157]
[61— 71]

[71 — 20,21]
(184]

[37 — 74,23,58,33]
[200]

[74 — 24]

[77 = 77]

[37 = 77]
[218]

[176 — 20,33]
[176 — 39]

[74 — 39]

[26 — 39]

[184 — 74]
[203 — 41,58]
[71 — 53]

[74 — 53,338]
[71 — 55]

[26 — 63]

[37 — 72,38,23,38,33]
[31— 72]

[72 — 49]

[72 — 24]

[20 — 78]
[400]

[185 — 81]
[203 — 118,58]
[118 — 74,54]
[37 — 156]

[63 — 156,157]
[31 — 156]
[156 — 39]
[156 — 20]
[486]



515

548
641,640
648,647
662

684

688

700

704

790
803,802
845

868

927

928

1154
1156
1163
1166
1241,1240
1291
1384
1456,1455
1477
2081
2100
2105
2119
2137
2198,2197
2648
2652
2817
2935
2936
2981
3112,3111
3169,3168
3201,3200
3212
3217,3216
3228
3264
3283,3282
3290
3298
3306
3312
3390,3389
3406,3405
3430
3432
3538
3580

<
>
8
=
>
TN~
=
=]
20
8
~
=
I
o =
<

—
@ —
~—
~—
~—

S
=
Sl
>y
o
N
<
=
=
=

i<

@@Q&HS
& >
=2

o
2
=

<
<

zV ((zle(x)lyVy) =2 Ve(y)
zV ((xle(x))|y A z) =V (y]2)
|2) =z v ((]e(z)) |y A z)

[348 — 20]

[69 — 75,33]

[122 — 74,54]
[47:641]

[26 — 94]

[249 — 20]

[57 — 251]

[251 — 20]

[43 — 96,23,23,157,161,466]
[41 — 253]

[253 — 20]

[32 — 330]

[342 — 22,23]

[22 — 465,23]
[927,1]

[32 — 704]

[20 — 704]

[1156]

[704 — 486,38

[74 — 155,367]

[57 — 214]

[32 — 420]

[684 — 77]

[146 — 700]

[96 — 392,30,391]
[253 — 2081,803,21]
[176 — 2081,246]
[74 — 2081]

[26 — 2081]

[469 — 2105,21,21,373,21,157]
[37 — 868,38,82,33]
[2648]

[71 — 1154]

[102 — 279]

[2935]

[2817 — 401,33,58]
[469 — 1163,157]
[662 — 2100,357]
[26 — 3168

[3168 — 802]

[3168 — 253]

[3168 — 20,21]
[3200 — 20,21]

[226 — 3228]

[3228 — 3168,3169)]
[467 — 1166,21,468,21]
[1477 — 3264,33,82,60]
[3264 — 3200,3201]
[488 — 3298

[3298 — 29,30,157]

[3389 — 2105,3390,367,3406,3112,54,157,2198]

[32 — 3430,58,33]
[688 — 3432
[3538 — 479,33,60,62,33,33]



3593,3592
3650
3663,3662
3664
3668
3683
3692
3748,3747
3788,3787
3809
3871
3955
3976,3975
4022
4029,4028
4115
4192,4191
4196,4195
4214,4213
4236,4235
4252,4251
4274,4273
4300,4299
4401
4446,4445
4501,4500
4503,4502
4512
4556,4555
4610,4609
4647,4646
4833,4832
4834
4845,4844
4846
4850,4849
4905
4907
4919,4918
4922

4931,4930
4981

5019
5074
5078
5088
5095
5116
5122
5151
5157,5156
5160

((2le(y) V(& Ac(y)ly Vy) = c(y) [684 — 2137,1456,33]
(e(x)|z) = (z|e(x)) V (z A c(z)) [3200 — 548,21,3593,641,648,21]
(xVe(x))Vel@Velx))=cle)Va [32 — 3650,60,33,58,33,82]
(z|(c(z) V) Ny) = (x|y) [3312:3663]
(e(x) ValzAy) = (z]y) [3290:3663]
c(z) V (e(z) AN x) = e(x) [3650 — 434,3593,60]
(zva)Vele(z)Vae)=azVa [32 — 3683,33,79,33]
(e(a) (i v ) V () A ) = (e(@)) (32 3664]
(e(x) Va|leVar)=-c(x) [74 — 3664,18]
c(@) A (e(z) V zle(x)) = ele(x) V x) [3664 — 515,18]
(e(@)|(z](c(x) V z|2))) =« [3787 — 251]
((x Ay) V (2|y)|c(x)) =« [3212 — 3668,21,3217]
((zVa)Ve(z)e(x)) == [684 — 3668,33,250]
(((zva)Ve(r)|zVa)z)=(eVa)Ve(r) [3975 — 55]
(z|((x V) Ve(r)z)) = (xVe)Vc(r) [3975 — 24]
((elx) A (y A (o)) V (2 V (gle(2)e(w) = (223 > 3955,466]
clm)Ve=(zVa)Ve(r) [3692 — 1291,52,141,52,33,33,367,1241,3788,147,33]
(@) Ne=c((zVr)Vce(r)) [3809:4192,3976,4192]
(e(x)|(xVa)Velz)) == [3871:4192,4029]
((zVa)Velx)zVe)=clx [3787:4192]
(zVve(®)Vel@Velr))=(xVa)Velr) [3662:4192]
ce((zVva)Ve(r)) =clzVe(z)) [3306:4192,4214,4196]
(e(x)|e) = (x V) Veln) [4022:4236]
(@) Ne=c(z V() [4195:4274]
zAc(zVe(r)) =clzVe(n)) [4401 — 409]
(zVa)Ve(r)=aVc(r) [4401 — 356,4300,3748,4300,466,33,4236,4300]
(z Ve(z)e(n)) == [4401 — 2119,58,4446,4252,4501]
(x V(c(z) Velr))le(z) =z Ve [4401 — 43,18,33,466,33,18,52,18,33]
clz)Vae=1zVc(r) [4191:4501]
c(z) Velr) =c(x [3580:4501,331]
rVe=uzx [4512:4610,4503]
Ay =c(e(z) Ve(y) [2981:4647,3283,36,4647]
$Ans(DM) [4832,2]
(z|ly) = c(x) Vely) [2936:4833,4833,4647,466,33,4647,18,4647,4647)
$Ans(DEF _SS) [4844,5]
cleV(yvae)Vz=elyvVa)Vz [2652:4647]
cle(zVely) Ve(xVy)) =2 [1384:4647,4833,4850,4647)
$Ans(CUT rewritten) [4905,4]
ez Vely)) Ve(r Vy) =c(x) [845:4647,4845,4850]

cle(z) Vy) Ve ==
[640:4845,33,4647,4845,33,4647,4647,4845,4833,33,4647,33,4647,4845,4919,33,4647]
c(z)) == [32:4647]
c((zV(c(y) Vz)) VeleVic(y) V) Vy=y
[4115:4833,4931,4833,4931,4931,4845,4931,4556,4845,4931]

clxVicleVy)Vely))Ve=zVy [790:4833,4845,4931,4931,4845,4931]
tV(yVe)=yVe [4646 — 927]
zVie(zVy) Vy) =(eVy Ve(zVy) [927 — 4555]
2V (yVel(y) =cly) V(zVy) [4555 — 927]
clx)V(yve) =yV(zVec(r)) [5088]
c(xVy) Ve(z) =c(x) [4930 — 4922]
clxVie(yyVz)Vy=y [927 — 4922]
clxVely) Vy=y [5074 — 4922]
c(xVy) Vely) =cy) [4930 — 5151]
clxVely) Ve=aVy [5019:5157]
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5237 clxV(yVvelz))Vz=1z

52575256  c(zVy) Ve =z Ve(y)

5260,5259 c(zVy)Vy=yVe(zVy)

5263 eVe(eVy) =zVely)

5268,5267 (x Vv y) Ve(xVy) =2V (yVelzVy))
5271 eV (ely) V) Vel () V) Vo =
5301 zVe(yVel(r)) =

5303 zVe(le(z)Vy) =

5329 clx)VelyVvae)= c(x)

53495348 =z V (yVe(x)) =z Ve(z)

5366 (zvy)Vy=azVy

5370 (xVy)Ve=2xVy

54175416 Vv (yVe(zVy)) =(zVy) Vely)

5431 el (ely) V 2)) Velely) V) Vy = y
5435 (zVy) Vel Vy) = (xVy)Ve(y)
54995498  c(z)V (yV ) =x V()

5506,5505 xV (yVe(y)) =y Ve(y)

55475546 =z V (yVe(zVz))=yV(zVe(z))
55495548  (z Vy) Ve(y) =y Ve(y)

55535552 (zVy)Ve(zVy) =yVely)

5557,5556  c(zVe(x))Vy=1y

5572 eVelyVvely) ==

5595 zVe(zr)=yVe(y)

5596 $Ans(ONE)

Proof BA-SS-2

1 (A[((BIO)|(B|C))) # (BI((A[C)|(A|C))) | $Ans(A-SS)
2 ((A|I(BIB)|(A|B)) # A | $Ans(CUT-SS)
3 AV B# (A|A)|(B|B)) | $Ans(DEF_J)
4 AANB# ((AB)|(A|B)) | $Ans(DEF_M)
5 c(A) # (AlA) | $Ans(DEF _C)

7 tV(yVz)=yV(zVz)

9,8 Ay =c(e(z) Ve(y)

11 (xVely) ANzVy) =

12 cle(z Ve(y)) Ve(lzV y)) ==z

14 (z|ly) = c(x) Vely)

16,15 ce(z) Vely) = (z|y)

17 eV(zANy) =«

18 zVe((zly) ==

21,20 cle(z)) ==

22 cl(zVely)|eVvy) ==

24 x Ay =c((z|y))

34 zVe(y) = (e(@)|y)

42 zV (ylz) = e(y) V (z Ve(z))

43 ce(x)V(yVe(z) =yV(x|2)

84 c(z) = (z Ve(y)z Vy)

90 (z Vely)|leVy) =c(x)

94 zVy = (c(x)c(y))

9% (c(2)|(z|y)) =«

99 (e(x)|e(y)) =z Vy

110,109 c(z) = (z]x)
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[5074 — 5122]

[4930 — 5160]

[5156 — 5160,4931]
[5116 — 5160,4931,5257]
[5078:5260]

[4981:5268]

[5237 — 5256

[5122 — 5256]

[4930 — 5301]

[5301 — 5256,4556,4931]
[5156 — 5303,4931]
[5116 — 5303,4931]
[5366 — 5256,4556,5268]
[5271:5417]

[5267:5417]

[5329 — 5256,4931,4931]
[5095:5499]

[5263 — 927]
[5416:5547,5349]
[5435:5549)]
[5431:5549,5553]

[5556 — 5370,5557]
[5572 — 5263,4931,5506]
[5595,3]
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[20 — 15]
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[20 — 34]
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[94]

[96 — 96,21]



111 $Ans(DEF _C)
122,121 zVy = ((z|2)|(yly))

123 $Ans(DEF _J)

125,124 ((z|2)|(2|y) = =

131 (((]2) )| ((2])|(yly)) = (x]x) [90:110,122,125,122,110]
149 (@|(((wl)])((wl)]2))) = (Wl ((x]2)](2]2))) [43:110,110,122,125,122,125,122]
154 Ay = ((z|y)](=]y))

156 $Ans(DEF _M)

161 ([ (xl(yly)) = =

221 ((x[(wlw)(z|y)) = =

223 $Ans(CUT_SS)

424 (@|((w[2)[(w]2)) = (l((z]|2)|(]2))) [124 — 149,125,125]
425 $Ans(A_SS)

The following two Mace2 jobs show that the B.A 2-basis {A SS, CUT _SS} isindependent.

Countermodel BA-SS-a

FOEOGT(Y,y)), F(xy)) = x. % CUT_SS
f(Af(f(B O,f(BO)) !

—

0
C.0 A:0 B:1 0|0
111

R ok

Table 28: BA-SS-a.out

Countermodel BA-SS-b
f(x, f(f(y,z),f(y,2z))) = f(y,f(f(x,2),f(x,2))). %ASS
f(f(Af(BB),.f(AB)) !'=A

f:
B: 0 Al 0
1

o OO
o Ok

Table 29: BA-SS-b.out

2.3 Finding and Proving the Multiequation Bases

See the primary paper [8].
24 AreThere Smpler Multiequation Bases?

See the primary paper [8].

3 Single Axioms
See the primary paper [8].
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[99:110,110]

[124 — 131,125,125]
[124 — 161]

1= f(B,f(f(AC,f(AC)). %denial of ASS

% deni al of CUT_SS



3.1 Generating and Filtering Candidates

See the primary paper [8].

3.2 FiniteOrtholattices

See the primary paper [8].

3.3 Collecting and Applying Filters

We list here five filter sets. The first four, non-OL.A-4, non-OL.B-9, non-OL.C-23, and non-OL.D-14, are all
non-ortholattices, meaning that they can be used to eliminateany 0L, OML, MOL, or BA candidate.

The fifth set, non-MOL-OML, consists of nonmodular orthomodul ar lattices, which can be used to eliminate
MOL or BA candidates.

Filter Set non-OL.A-4

Table 30: Structure 1 of non-OL.A-4

—h

g~ wWNEFO

ON PMPFP WOU|O
ONOOWNDNF
QO Pk ODIMDN
QO h~rPFRORFRW®
ONOOWWr~
O O OO O ou

Table 31: Structure 2 of non-OL.A-4

—h

SOwkrk h~NO|O
O WO O WWwk
OQOkFRPFORFRDN
oo h~rbhoOopbhw
ONOONDNP
O OO O0OOoOowm

abr~rwdNNEFLO

Table 32: Structure 3 of non-OL.A-4
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0 1 2 3 45 6 7

o o

o o

o N

[sp )

o N

[sp @]

o N

o N

f:

0|7 6 5 4 3 2 1 0
116 6 0 0 3 2 0 O
2|5 0 5 0 3 010
3|4 00 40 2 10

< w0

6/1 0 1. 1 0 0 1 O
7/0 0 0 00O O OO

Table 33: Structure 4 of non-OL.A-4

Filter Set non-OL .B-9

Table 34: Structure 1 of non-OL.B-9

flo 1 2 3

N O O

™M O -

o oo

O m

O N

3|2 0 0 1

Table 35: Structure 2 of non-OL.B-9

flo 1 2 3

0/{1 1 3 2

111 0 0 O
2|3 0 3 0
3|2 0 0 2

Table 36: Structure 3 of non-OL.B-9

/0 1 2 3

0/3 2 1 O

112 2 0 O
2|1 0 1 1
3|0 0 0 O

Table 37: Structure 4 of non-OL.B-9

flo 1 2 3

NN M

o o

NN ™M

O O -

O N

3|1 3 1 3

Table 38: Structure 5 of non-OL.B-9
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/0 1 2 3
0[3 2 1 0

112 2 0 O
21 0 1 0O
3|]0 0 1 O

Table 39: Structure 6 of non-OL.B-9

0 1 2 3 4

o

N O

o N

— <

< m

f:

0|0 2 1 4 3

112 3 0 1 4
2|11 0 4 3 2

o <

Table 40: Structure 7 of non-OL.B-9

0 1 2 3 4 5

o o

o m

- O

< O

N ™M

0 m

f:

O

2|1 0 11 0 O
3|14 0 4 4 00
4(2 2 0 0 2 O
5/0 0 0 0 0O

Table 41: Structure 8 of non-OL.B-9

0 1 2 3 4 5

o o

—

o N

[sp @]

o N

o N

f:

0|5 4 3 2 10
114 4 3 2 0 O

AN ™M

4(1 0 1 1 1 O
5/0 0 0 0 0O

Table 42: Structure 9 of non-OL.B-9

Filter Set non-OL.C-23

Table 43: Structure 1 of non-OL.C-23

Table 44: Structure 2 of non-OL.C-23
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Table 47: Structure 5 of non-OL.C-23

—h

wWNEFkO

NWEk RO
O O O Rk
O wWowN
N OODNW

Table 48: Structure 6 of non-OL.C-23

—h

WNEFLO

= ONNO
R O WwWWwkr
= O OOoON
P OPRFRRFPW

Table 49: Structure 7 of non-OL.C-23

—h

WNEFEO
OFrL N WO
O ON NP
= O KN
Ok OOWw

Table 50: Structure 8 of non-OL.C-23

flo 1 2 3
0/0 2 0 2
1/0 2 0 2
211 3 1 3
3|1 3 1 3

Table 51: Structure 9 of non-OL.C-23
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/0 1 2 3
0[0 3 1 2

112 1 3 O
23 0 2 1
3|]1 2 0 3

Table 52: Structure 10 of non-OL.C-23

0 1 2 3 4

f:

0|0 2 3 4 1

1{3 1 4 2 0

214 0 2 1 3

3|1 4 0 3 2

412 3 1 0 4

Table 53: Structure 11 of non-OL.C-23

0 1 2 3 4

f:

0|0 3 4 1 2

112 1 0 4 3

2|13 4 2 0 1

3|14 2 1 3 0

411 0 3 2 4

Table 54: Structure 12 of non-OL.C-23

0 1 2 3 4

f:

0|0 2 4 1 3

111 3 0 2 4

212 4 1 3 0

3|13 0 2 4 1

414 1 3 0 2

Table 55: Structure 13 of non-OL.C-23

0 1 2 3 4

f:

0|0 2 1 4 3

112 3 0 1 4
2|11 0 4 3 2
314 1.3 2 0

4(3 4 2 0 1

Table 56: Structure 14 of non-OL.C-23

0 1 2 3 4 5

f:

0|5 3 41 2 0

13 3 4 0 0 O
2|4 3 4 0 0 O
3|11 0 01 2 O
4(2 0 0 1 2 O

5/0 0 0 0 0O

Table 57: Structure 15 of non-OL.C-23
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0 1 2 3 4 5

o o

N O

N O

o o

o o

N O

f:

0|5 3 41 2 0

13 3 3 0 0 O
2|4 4 4 0 0 O
3|1 0 011 0

< w0

Table 58: Structure 16 of non-OL.C-23

0 1 2 3 4 5

o o

—

o N

[sp @]

o N

o N

f:

0|5 4 3 2 10
114 4 3 2 0 O

AN ™M

4(1 0 1 1 1 O
5/0 0 0 0 0O

Table 59: Structure 17 of non-OL.C-23

0 1 2 3 4 5

o oo

O O«N

A< O

- << O

O OoO«N

- < N

f:

0|5 2 41 3 0
13 3 0 0 3 O

N M <

5/0 0 0 0 0O

Table 60: Structure 18 of non-OL.C-23

OlhoNTO M
LA OoO MmN
Sl MmONO©AHW,S
MmtodNLmo©
N[t OoOmNOw
AN M AT ©Oo
clom< O ON A
o NMm < 0o

Table 61: Structure 19 of non-OL.C-23

Ot mNAO ©
LOoOMm<s - NWO
S mOonwo TN A
MmTwOmo N
Nj[HoNwOLS ™
—AlNHOWLWOm<
cloN A< MmO
o N M s 0o

Table 62: Structure 20 of non-OL.C-23
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Table 63: Structure 21 of non-OL.C-23

ﬂ__966669966669
m686866866686
OO O OOOOOOOooo
DO O OO OVWANNOOOOO®
<O O O O OO OO
MO0 OWO"1O0O0 OO
N[O OO O© OO OO OO
AM T O0OOTOMO©OWO
OCMMIO ©COOOMOML OO

Table 64: Structure 22 of non-OL.C-23

MO O OOO© OO O OO OOWOOOOooo
— — — —
O MM ANOANNMNOMONONOOONO
— i i
NOT OO OOTOOVOTOOWOVWOST O
— — — — —
<O OO A dONOAO OO VLW O OO
— - - i — - —
NO O NOOONOOONOONOWLWOO
— — — — —
NOOONONMOOONOMWOWO OWN O
— — i — - —
T O O OQOQOVWOWOWOOVWOWOWWOWOOWOoO WwWwWww
— — - - — -
QO N AAN—dOAOdONNA< N ©
— — - i — — —
(O 00 OO0 WWOWWOWWOWOMWWWWWWWOWOWWWO
VMM McA—d OO0 OO0 O dHOOWOWHWOMO
O O OO OO0OOWOOOWOWOOOOOooo
OCMMITOHLOANMNOOODOAOMANL NN O
A A A A A A A
NIO O ONONNOOONONOOON O
IO OO OO OO O OO OO
NMOIOHOOONHOMONOONO WOWMWO
i - A A —
AN T OVOOTOMOTOOOWO MO
— — -
O M MOOOMOMOOOWOOOWOMmOO
O A NMTOLONOOODOANMS O O~
e e I e B |

Table 65: Structure 23 of non-OL.C-23

Filter Set non-OL.D-14
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/0 1 2 3
0[0 1T 2 3
112 3 0 1
2(3 2 1 0
3|1 0 3 2

Table 66: Structure 1 of non-OL.D-14

/0 1 2 3
0[0 1T 3 2

112 3 1 0
20 1 3 2
3|2 3 1 O

Table 67: Structure 2 of non-OL.D-14

/0 1 2 3
0[0 0 1 1
112 2 3 3
21 1 0 0
3|3 3 2 2

Table 68: Structure 3 of non-OL.D-14

/0 1 2 3
0[0 2 3 1

111 3 2 O
2|12 0 1 3
3|3 1 0 2

Table 69: Structure 4 of non-OL.D-14

f]o 1 2 3

—

o o

N ™M

N ™M

O

20 0 0 1
3{]1 1 0 1

Table 70: Structure 5 of non-OL.D-14

0 1 2 3 4

f:

0|0 2 3 4 1

114 0 2 1 3

2|11 4 0 3 2

312 3 1 0 4

4,3 1 4 2 O

Table 71: Structure 6 of non-OL.D-14
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0 1 2 3 4

f:

0|0 2 3 4 1

1{1 3 0 2 4
212 1 4 0 3

3|13 4 2 1 0

4.4 0 1 3 2

Table 72: Structure 7 of non-OL.D-14

0 1 2 3 4

f:

0|0 2 3 4 1

13 4 2 1 0

214 0 1 3 2

3|1 3 0 2 4
412 1 4 0 3

Table 73: Structure 8 of non-OL.D-14

0 1 2 3 4

f:

0|0 1 2 3 4
112 3 4 0 1

214 0 1 2 3

3|11 2 3 4 0

4(3 4 0 1 2

Table 74: Structure 9 of non-OL.D-14

0 1 2 3 4

f:

0|0 1 2 3 4
112 3 1 4 0

213 0 4 2 1

3|14 2 0 1 3

411 4 3 0 2

Table 75: Structure 10 of non-OL.D-14

0 1 2 3 4

f:

0|0 2 3 4 1

114 0 1 3 2

211 3 0 2 4
3|12 1 4 0 3

413 4 2 1 0

Table 76: Structure 11 of non-OL.D-14

0 1 2 3 4

f:

0|0 2 1 4 3

13 4 2 0 1

214 1 3 2 0

3|12 3 0 1 4

411 0 4 3 2

Table 77: Structure 12 of non-OL.D-14
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Table 78: Structure 13 of non-OL.D-14
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Table 79: Structure 14 of non-OL.D-14

Filter Set non-MOL-OML

| 0O O = O o «~ «~ «— O
OO A NNAT O
MNME A A A AT A
Ol M A A A A M
O N A A NN N
<A™~ AN —A AN
MNfed O© v O v A A A A
Nf=H LW —A 0 A< I 0
Al OO OMNMNNMT O
Olddddd A A
O A NMT IO OMN0O®

Table 80: Structure 1 of non-MOL-OML

O |v1 00 00 «1 O v v« =~ 00 -
OEHOO T A NNATO A
MNME A A A AT A A A
O M A A A A M A A
(A N o o NN AN A
< (A0 AN AANO A A
MN|rd O© v O v A A A A A
NEHOLW A0 A A< -0 A
Olvd v v A v v A o o o

Table 81: Structure 2 of non-MOL-OML
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NN A A NAA AN A A A N
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Ofvd = 00 «~+ 00O N «~ = N OO o 00 -
- — —l
O v 00 00 v1 O v v =« 1 00 00 1 00O
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O M A A A A MeA A A A AdAdAAd
A N A A A N A NANA A A
< A0 AN A N0 OO+ 00N
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Mfed © v O A A A A A A A
N[H O 0 = O 00O 0 -
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Table 82: Structure 3 of non-MOL-OML

NN A A A A A A A A AAAN
— -l -
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O |1 00 00 v O v v v = 00 A
OEHOTANNATO A d A
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Table 83: Structure 4 of non-MOL-OML

N N AN A AAAAAN A AN
— -l -l —l —l
NETM A O A M AdA—AMOM
- — — —
Al O A O A A A A AdAdA 40O
— -l -l —
Ot A=A N AAMAdcdAcdAd dMAN
- — — —l —l
D |v1 00 00 1 0O v v v =+ 00 A A
OEHOTANNATO A A A A A
MNME A A AAT I A A A A A
O M A d A M A dAAM M
N A A NN—AANAAAAA
< [(A MO AN NAANO A A A A
NHOAO A A A A A1 NOOWN
e |
N[O WA 0 A A< T 00 A
A|H OO OMN~MNNMITOWOAOMAN
A
Olvd v v A v A v o A o o
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L B |

Table 84: Structure 5 of non-MOL-OML
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Table 85: Structure 6 of non-MOL-OML

DVDEA A AA A A AA A AT A A
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Table 86: Structure 7 of non-MOL-OML
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Table 87: Structure 8 of non-MOL-OML

DEA A A A A A A A AT AT A A
—l - — — -
<l AA A A A A AT NO O N LD
- — U B B B B |
N N A A A A A A A A N AANN A
— -l -« -
NN A -AdAd A A dAdcdAdd O MO <
— — — — —
AT O A dd A A A cdddO0OO 1O
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Old A e A A A A A A A A AT NN <
- — -l A
e+ 00 00 100 v+ v+ e 1 0 A A
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AN A A NN—AANAA A A A A A
< AN AN AANOO A A A A A A
MNfed © v O v A A A A A
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Table 88: Structure 9 of non-MOL-OML

3.4 TryingtoProve That CandidatesAre Single Axioms

See the primary paper [8].

3.5 SingleAxiomsfor OL, OML, and MOL

The single axioms for the varieties under study are the following.
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For each, we prove that it is equivalent to the multiequation Sheffer stroke basis for that variety given in

Section 2.2.

35.1 A Single Axiom for Ortholattices

We list in this subsection three Otter proofs:

1. OL-Sh impliesthe join/complement basis {AJ, B1, DM, CC, ONE}.

2. OL-shimpliesthe Sheffer stroke basis {A_SS, B_SS, ONE_SS}.

3. The Sheffer stroke basis {A_SS, B_SS, ONE_SS} implies OL-Sh.

The first two prove essentially the same theorem—either one is sufficient. For the first proof we have rewritten
the goal B1 to eliminate the meet operation; this allows a convenient forward proof.

Proof OL-Sh-jc

84,83
131
139
151
259
263
467

AV(BVC)#£ BV (AV

C) | $Ans(AJ)
AVe(e(A)VB) #A | $An

|

)

s(Bl_rewritten)
ANB#c(c(A)Ve(B)) | $Ans(DM)
cle(A)) # A | $Ans(CC

AVe(A) #BVe(B) | $Ans(ONE)
(A|B) # c(A) Ve(B) | $Ans(DEF_SS)
(D) 51wl (el D] = v
zVy = ((z]x)[(yly)

((zl2)l(yly)) =z Vy

64

(]

(]

(]

(]

(]

(]

(]

[l

[10]

[l

[13]

[l

[16]

[14:18]
[11:18,18]
[8:18]

[17 — 21]
[21 — 19]
[30 — 30]
[30 — 21]
[30 — 21]
[21 — 23,31,44]
[17 — 23]
[21 — 23]
[23 — 23,20]
[17 — 23,18,31]
[30 — 35]
[30 — 41]
[21 — 45]
[17 — 45,20]
[30 — 71]
[43 — 49,38,84,31]
[17 — 49,20]
[53 — 47]



469
526,525
531
661
700,699
701
725,724
726
727

730,729
731
740

755,754
762
782

794
800

810
813,812
816
819,818
822
831,830
834
871,870
872
875,874
980
1030
1060
1072
1074
1075
1093
1143
1151
1220,1219
1243
1253
1257
1322,1321
1335
1359
1383
1429
1439
1442,1441
1453

(@ Vyle()l((c(y)le(x) V2)[2))) = e(y) (53 — 45]

zVr==x [53 — 467,18,18,31]
(e() A () (@) () ) = (el)l(el)) (47 467,20
(((e(2) Vyly v 2)[u) [(c(w)|((c(y) |2 v e(2))|e(2)))) = e(y) [259:526]
Ay =c(e(z) Ve(y) [151:526,526]
$Ans(DM) [699,3]
(|y) = c(2) V c(y) [83:526,526]
$Ans(DEF _SS) [724,6]

cle(z) Vely)) Ve(e(z) Ve(ele(r) Ve(e Ve(z)) Velr))) =
[565:526,725,725,31,526,725,725,725,725]
cle(z)) ==

[30:526]
$Ans(CC) [729,4]
(z Vele(x) Ve(y)) Vele(e Vele(z) Ve(y))) Vel(r)) = Ve(e(x) Vely))
[531:725,700,730,725,725,730,725,725,730,725,725,730]
(ele(x) Vy) Vely V) VelyVele(yVe(r Ve(x)) V) =cly)
[263:725,730,700,725,730,725,730,725,730,725,730,725,730]
cle(fe(x Vy) VelyVelyVele(z)Va)))) Ve(z)) VelyV (yVele(z) Ve))) =c(y)
[139:725,730,725,730,725,725,700,730,725,730,730,725]
cle(e(e(z) Vy) Ve(y Vv z)) Velu) VelyVele(yVe(eVe(z))) V) =c(y)
[661:725,725,725,730,725,730,725,730,725]
clxVy) VelyVelelyVele(z) Va)) Ve(z))) = ely) [469:725,730,725,725,730,725]
cle(fe(x Vy) Ve(y Vv z) Ve(uw) VelyVele(yVele(lx)Va))Vz)) =c(y)
[131:725,725,725,730,725,730,725,730,725]

cle(z) Vy) Ve(e(z) Ve(ele(r) Vel(r Ve())) Velr))) = [729 — 727]
cle(z) Vele(e(z) Ve(r Velr)))Ve(r))) =« [525 — 727]
cle(z) Vy) Ve == [810:813]
c(xVy) Ve(z) =c(x) [729 — 816]
(zVele(x)Ve(y)) Ve =z Vele(r) Vely)) [740:819,730]
tV(xVy)=xVy [818 — 818,730,730,730]
cle(e(x Vy) Vely VelyVele(z)Va)))) Ve(z)) VelyVe(e(z) Va)) =c(y) [762:831]
(xVele(x) Vy) Ve =z Vele(r) Vy) [729 — 822,730]
(zvy)ve)V(eVy =(xVy Ve [818 — 822,730,819,730]
(e(x) Ve(x Vy)) Ve(r) =clz) Velz Vy) [818 — 872,819,819]
(e(e(x) Vy) Vely Vv 2)) Vely) =cly) [754 — 830,755]
cl(xvy)Velz)VelzVele(zVele(x Vy) V(eVy)) Vy)) =c(x) [816 — 782,730,730]
(ec(xVy) VelyVz))Vely) =cly) [729 — 980]
eVe(le(z)Vy) == [818 — 980,730,730,871,730]

Ans(B1_rewritten) [1072,2]
c(z) Vel Vy) =c(x) [816 — 980,875]
(xVy)Ve=2xVy [818 — 1072,730]
(zVvele(xVy)Vz))V(eVy =aVy [1075 — 1060,730,730,730]
(clxVe(yva)Vy) V(yVvze)=yVz [818 — 1060,730,730,730]
c(xVy) Vely) =cy) [818 — 794,730,526]
clxVely) Vy=y [729 — 1219,730]
tV(yVe)=yVe [1219 — 816,730]
c(z) VelyVae)=c(x) [1219 — 1093,1220]
clxVele(zVele(y) Vy)) V z)) = c() [1243 — 800]
c((xVy)Velz)) Velr) =c(x) [1030:1322]
c((xVy)Vz)Velr) =c(x) [729 — 1335]
clle(x) Vy)y V) Ve == [729 — 1359,730]
c(zVelely) Vy)) = c() [1243 — 834]
cl(zvely)vVz)Vy=y [1253 — 1383]
clxVie(yyVz)Vy=y [1253 — 1383]
eV (c(y)Vy) =cly) Vy [1243 — 1429,730,730,730]
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1457
1532,1531
1583
1617
1618
1619
1641,1640
1656
1657
1686
1710
1758
1846
1881
2012,2011
2081
2089
10276,10275
10439
10467
10981,10980
11000
11001

Proof OL-Sh

1

2

3

77,76
79,78
80

82

84
87,86
88

90

92

94

96
99,98
100
102
104
107,106
108
110,109
112
117,116
119,118
122
124

) = (2y)

)(z[2) (2 [))((2]((2]2)[2)) ) = = [76 — 76]

[818 — 1429,730,730]
[1253 — 1439]

[1441 — 1093,1442]
[1453 — 1457]

[729 — 1617]

[1618]

[1257 — 1151,730]
[729 — 1619]
[1656,5]

[729 — 1531]

[1531 — 1093,1532]
[729 — 1583]

[1640 — 1093,1641,1641]
[729 — 1710]

[1686 — 1143,730]
[1758 — 1151,730]
[1881 — 1151,730]
[1846 — 2081]

[2011 — 2089,10276,2012]
[10439]

[1846 — 10439]
[10467:10981]
[11000,1]

[]
[]
[]
(]

[76 — 76]

[76 — 80]

[80 — 80]

[76 — 82,77]
[86 — 86]

[86 — 82,87,87]
[88 — 84]

[92 — 76]

[78 — 80]

[78 — 96,79,79]
[76 — 96,77,77]
[90:99]

[98 — 98]

[98 — 102,99
[106,2]

[76 — 102]

[98 — 106]

[76 — 104,110]
[109:117]

[112 — 100]
[106 — 100]
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35.2 A Single Axiom for Orthomodular L attices

Asinthe QL case, we list three Otter proofs:

1. OML-Sh impliesthe join/complement basis {AJ, B1, DM, OM }.

2. OML-Shimpliesthe Sheffer stroke basis {A_SS, B_SS, OM _SS}.

3. The Sheffer stroke basis {A_SS, B_SS, OM_SS} implies OML-Sh.

The first two prove essentially the same theorem—either one is sufficient. For the first proof we have rewritten
goalsB1 and OM to eliminate the meet operation; this allows a convenient forward proof.

Proof OML-Sh-jc

70
83,82
90
136
158
234
306

398
403,402
451,450
456
536

AV(BVC)# BV (AVC) | $Ans(AJ) 0
AVe(e(A)V B) # A | $Ans(Bl rewritten) 0
ANB#c(c(A)Ve(B)) | $Ans(DM) 0
AVe(AVe(AV B)) #AV B | $4Ans(OM _rewritten) 0
(A|B) # c(A) Ve(B) | $Ans(DEF_SS) [
(1 1D R A () D1)) = v i
zVy = ((z]x)[(yly) [l
((zl2)l(yly)) =z Vy [9]
v Ay = ((aly)l(ely) i
((=W(zly) =z Ay [12]
clz) = (o) i
(z|x) = c(x [15]
c((zly)) == Ay [13:17]
(e(x)|e(y)) =z Vy [10:17,17]
(1) 1N A e D)) = v [717]
cle(z)) =z Ve [16 — 20]
c(z) ANe(y) = c(z Vy) [20 — 18]
clxVe)=clx)Vc(r) [29 — 29]
(c(@)lyVy) =aVe(y) [29 — 20]
(zVvezle(y) =cl@)Vy [29 — 20]
(@) (o) Il (el ) ])) = [16 27
(((1ely v (=) el) v le(:)) = ely) (20 223043
(Dl 31l (eln) ) ) = v (16 27
() (eI @Gl @IN M@ =2 [22-22
((z Valy)|(x]((z](c(z)|2))]2))) = [16 — 22,17,30]
(xVa)Acly) =cle(x) Vy) [29 — 34]
(xVelyVy) =clz)Ve(y) [29 — 40]
(((eV ey vV yl)u)l(y v yl((zl(cly) vV e(y)]2))l2) =y Vy [40 — 22,37]
(xVa)A(yVy) =cle(z) Ve(y) [29 — 70]
(((c(2) Ve(z)]e(z) Vy)[2)|(z Va|((c(y)|(z V 2) Vy)le(y)))) =« Ve [42—46,37,37,4330]
((zle() A (s ¥ IEElelw) v 2)le(=) = ely) (16 4819]
(& Ve@le(y) Vel VylllyVullyVy) Ve)lyVy)) =yVy

[40 — 50,37,37,83,30]
(c(@)(z[((y](c(2)[y)|v))) = = [52 — 46]
([(l(=l(e(®)]2)2) =y [52— 22]
rVez=uzx [398 — 398,403,17,17,30]
(@)Wl v lew)) = (20 39
(& V ()l Wy v ew)ln) =y [306:451,451,451,451,451,451]
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600
603,602
604
623
632,631
633
638

643,642
654

666
672
674

682

706
709,708
712

714
719,718
724

728

738

794

800
809,808
818

822
839,838
877,876
892

896
909,908
913,912
919,918
925,924
926

928

930

937

953

955
958,957
1017
1035
1037
1041
1051
1063
1085
1095

[158:451,451,451,451]

Ay =c(e(z) Ve(y) [136:451,451]
$Ans(DM) [602,3]
(((e VeIl )zl (c()]2)]2) =y [90:451,451,451,451]
(|y) = c(2) V c(y) [82:451,451]
$Ans(DEF _SS) [631,5]
cle(z) Vely)) Ve(e(z) Ve(ele(r) Ve(e Ve(z)) Velr))) =

[54:451,632,632,30,451,632,632,632,632]
(z)) == [29:451]
e

[234.632,643,603,632,643,632,643,632,643,632,643]
cle(e(x Ve(y)) Vele(y) Ve(z)) Ve(u) Vele(y) Vele(e(z) Vely Ve(z)) Vel(z) =y
[623:632,632,632,632,643,632,632,632,632]
cle(z Vele(x) Vy)) Ve(z)) Vel(e(r) Vel(e(yVelzVy) V) =
[600:632,643,632,632,643,632,643,632,632]
cle(e(z Ve(y)) Vy) Ve(z)) Vele(y) Vele(e(y) Vely Ve(y)) Ve)) =y
[536:632,643,632,632,632,632,632]

cleve(ly)Vy=y

zVele(x)Ve(eVy) ==

c(z Vy)Vely) = cly)

tVyve)=yVe

cle(z) Vele(yVe(xVy) Vy) ==

(e( v e()) V el(e(y) V () Vy = y
clle(z)Vely) Velz)) Ve ==
(zVele(x)Vy) Ve ==
(zVelyVe(x))Ve=u

c(z) VeleV c(c() YVy)) =clzVele(x) Vy))

zVe(yVel(r)) = x_
eVe(le(z)Vy) ==
$Ans(Bl_rewritten)
c(z) VelyVae)=c(x)
c(z) Vel Vy) =c(x)

(xVy)Vy=azVy

(zVy)Ve=zVy

clle(z)Vy) Velz)) Ve ==
clle(x) Vy)y V) Ve ==
c((xVy)Vz)Velr) =c(x)
c((zevely)Ve)Vy=y
cleVie(y)y V) Vy=y

cle(eVy) Vele(lyVelzVy) Vy) =z Vy
clxV(yVvelz))Vz=1z
c(xV(yVaz)Vely) =cy)

70

[456:632,643,632,643,632,632,643]

[642 — 638]
[450 — 638]

[706:709]

[674:709]

[642 — 712]

[718 — 718,643,643,643)]
[724 — 682]

[718 — 654,643,643,643)]

Ve(y) =z [718 — 666,643]

[718 — 714,643]
[728:809]

[642 — 808]

[822 — 712,643]

[808 — 672]

[800:877]

[794:877]

[738:877]

[838 — 908]

[908 — 718]

[642 — 818,919

[912 — 818,719,643,913]
[908 — 818,925,451,643,909)]
[928,2]

[642 — 926]

[642 — 928]

[822 — 928,643]

[718 — 928,643]

[642 — 896]

[642 — 1017]

[642 — 1035]

[838 — 1035]

[838 — 1035]

[955 — 876]

[838 — 1041]

[642 — 1051]



1159 (clzVe(lyVv(zVu))Vu)V(yV(zVu))=yV(zVu)
1161 (elzVvelyvV(zVvu))Vva)V(yVizVvu)=yV(z2Vu)
1163 (clzVve(lyvz)Vu) V) V((yVz)Vu)=(yVz)Vu
1165 (clzve(lyvz)vVu) vy V((yVz)Vu)=(yVz)Vu
1168,1167  (c(xVe(yV2)Vz)V(yVz)=yVz

1169 (clzVelyvz)Vy V(yVvz)=yVz

1200,1199 ((z¢Vy)Vz)Ve=(zVy) Vz

1258,1257 eV(yVv(eVvz)=yVv(eVz)

2405 clxVelyvVa)Ve=yVa

2511 clxVe(xVy)vVe=zVy

4760 (zVy)V(zV(zVy) =2V (zVy)

53135312 (zVvy)V(zV(yVz)=aV(yVz)

57395738 (zVvy)V((zVy)Va)=(zVy)Va

6102 (zvy)V((yvz)ve)=(yVz)Vae

737373712 (zVy)V(yVve)=yVe

7594 xrVy=yVez

7609 eVe(eVe(rVy)=aVy

7611 $Ans(OM _rewritten)

17813 (xVv(yVvz))VeVvz)=aV(yVz)

18921 (zvy)vVyvz))VvVeVvyvz)=aV(yVz)

19351 (zvy)vizvy)V(zvy Vae)=(zVy) Va
1977419773 ((zVy)Vz)V(zVz)=(zVy Vz

19779 (zVy)V(zVy)=(=Vy Ve

20260 (zvy)V(zva)=(zVa)Vy

20410,20409 (zVy)V(zVy)=(zVy)Vz

20422 (zVy)Vz=(yVz)V(zVy)

20472,20471 (zVy)V(yVz)=zV(yVz)

20614,20613 (zVy)V(zVa)=(eVy) Vz

20648 (zVy)Vz=(yVz)Ve

2130021299 (xVy)Vz==zV (yV2)

22049 tV(yVvz)=yV(zVz)

22050 $Ans(AJ)

Proof OML-Sh

1 (A|((BIO)[(B|C))) # (BI((A|C)[(A]C))) | $§Ans(A-SS)
2 ((A|A)|(A|B)) # A | $Ans(B_SS)

3 (A|(A|(A]B))) # (A|B) | $Ans(OM_SS)

77,76 (]l D) (l((=|((y]y)]2)]2) =y

8 ([ (2] [((=](((z[)](x]y)[2))]2)) = (2]y)

80 ([l D)l (el ((yly)[0))[0)) =y

83,82 ((z[)] (x[((]((z]2)]2))]2))) =

85,84 (] @I((I(Wl)])]2) =y

87,86 ((x]y)I(yly) =y

88 (=[] (wl((wly)]2))) =y

91,90 ((z[y)](z]x)) = @

92 ([ (yl)|w)|(yly)) =y

94 (z]((x]y)(x]y)) = (x]y)

96 ([ () [(C=] (((l2)[(l2))[2))]2)) = (yle)

99,98 (@] ((wl((=|2)|y))|y) = (wz)

100 (z[((y|2)|(y|2))) = (ylz)

102 (((z[x)]y)]x) = (|z)

71

[1085 — 892,643,643,643,643]
[1051 — 892,643,643,643,643]
[1041 — 892,643,643,643,643]
[1035 — 892,643,643,643,643]
[822 — 892,643]
[718 — 892,643]
[1037 — 928,643]
[1095 — 712,643

[1063 — 937,643,1168,643]
[957 — 2405,958]
[953 — 1159,643)

[953 — 1161,643]

[937 — 1163,643]
[937 — 1165,643

[937 — 1169,643]

[7372 — 957,7373,7373)]
[2511 — 7594]

[7609,4]

[7594 — 4760
[5312 — 4760,5313)]
[5738 — 5312,5739]
[7594 — 6102]
[19351:19774]
[7594 — 19779
[7594 — 19779

[20260]

[18921:20410,1200]
[19773:20472]
[20422:20614]

[20648 — 724,20614,20472]
[17813:21300,21300,839,1258]
[22049,1]

[]
[]
[]

(]
[76 — 76]

[76 — 78,77,77,77]
[80 — 80]
[82 — 80]
[84 — 84,85]
[78 — 84,85]
[84 — 82,85]
[84 — 80,85]
[84 — 78,85]
[84 — 82]
[84 — 86,83]

[96:99]
[90 — 90]
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35.3 A Single Axiom for Modular Ortholattices

The proofs given in this subsection are all in terms of the Sheffer stroke. We have simplified the proof of

MOL-Sh = {A_SS, B_SS, ONE_SS, MOD_SS}
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y|(y|y), which alows us to introduce a constant we call

1. We use thisin the second stage. The third proof is

by presenting it in two stages. First we prove z|(x|x)

“1" with the property z|(x|x)

{A_SS, B_SS, ONE_SS, MOD_SS} = MOL-Sh

[]
[]

[3—3]

w)|y)l(ylw))))) =y

= (yl?)

Proof MOL-Sh-partl

[3—54,4,444]

e s e M P B e P B B P e P e e P P 1 o e P e e M e e e e e e e e

NooohmoooooooombhbhmmbhohmoodohhcNnNnhoodoNO O o o
— AHNMOHOHOMA . ~N Sille] SO KNNDOODANDNO®ANNN
%9%%%%3136665%%%%%%1,%%11 %5111%%014940262“..
N LD & TONOMO o ww | By | A4 4 o QX 4R 4 QOMRX
[\ﬁ[[[[\ﬁ\ﬁ 797%355775168%%51 ey 'S | ScgoS8
o)) oy} AN - - [71[[3\_/[[ 7\_/959877\_/9\_/56774
— i 1) ©®» 10 N T 61MH__H__
— — M. e ._”. 21._”. ._”. N w "t
© gy G
1~ —~ g Ad- @
= w O A i RS
2 =0 T 1<
=G RS
I — = R
s H4O A
—_ ISR 1
= —~ SNt m
i SRS =g 2
= =8 oA
= w Il =3 2]
= ~ 271
JELIE-Y —_ = —_ —_ = ™ —
B 0 w = n —© ~
=l = I = === = o 9 d
= = = o o> = —
—— = = = = o
= = o) =3
B Il = Il 2 iyt
== — > _ == =L =
Um —_ — —_ 8y N - =
= = = D === =9 -
— I SN I —~—~ D — &
8 — — — _== — -
|\|y/ —~ > — e ~— _—
== = 3= SRS =L =
o = = == =l 2 == = —
=% == = TamEa =23
== =5 5 _—F ., === . I
= =& Ny a= D = =T o
= ey B Il > I =S R == R 2~ &
D == == = = =<8 a3 B =0, =
-~ &= = = 2R T==%T = =% =
= T == = =3 =23-= 5 s o~ 2
= w S = = =22 =Z=I= = B 8 8 5
— 8 —_— = ~— Nt = yZ = —=
= = 8= 8 'y = —=8 By =="3 - P g =
~— >R == > — — === —_—— = = = sl g =
= '3 Ry —_ —_— = —Tn Ty =y —_— >
N == I== & R IR R e < N ==0 11135
= x5 T T R Sl llgRw oo &

8 —_ D = 8 8 S —0== — = = B > D> 8= -8 —_
l S e R n 2o =S =73 I e e el T Thl )
N~ \y/H|\Z,|V\|/“\ = ~— = Ty _ == ST R —— == —_—
mem Ry R IR~ v R Ao m Ry e sy T Ty~ 8RR
w8 I BT | =D [ B2 oS st e g 2@ s 2o 2 s R=2 82 12

= I =22=5 =>=22 | oo =2 =8R8 28 =8 === Il =
—_—8 —_T e == R I )xw\))|\w/ a2 oS e R8oE
B I e T T N N S T B M e N T s e 2N
S o e T T s =2 s R T o — a8 o g R I ——— Ty R DD
T — DN — e — — o~ D DY e~ ~— TN TN TN TN Ry —
oo o= oY S N R D ] DT DNy Dy D~y D —E2 > &
— RV — = N D DY N B e B o e o B B 8 = B
= D D N T N D BN = — ) — 2
e e B T R e T T TG e M B W T R T T e BT L eyl ST S
B i i T e el et e I Tl T
) T 8 8RR 8y 888 8 8 8 8 8 —n 8 8 8 8 g8 8 82y 2=—"C"Cx )
—_ R D DD R e D 8 DD DDl DD TN T 8 NN N
T i oo o o o oo s il i oo i o oo s s i s s s s s o s s s S o 2
— MW~
-
N~ N~ I AN O MW — o -
o (o2} ¥ QR A o -
1~ o) — 0 N~ O =1 — 1) A L Ty PN SN N,
S By | 30 ©nr~ sy duggandedggsegdddd
SN ERARYCRES RSNV RRR20dRIRRS R R I I
AdAdAdAdNONOTTIONDONODNOI DDA A AAAAAAAN N M FIITOOAAAAA

74



=X

([ ((((((z]2)|2) [y) [y)[(2]2))](=|(z]2))))

1119

—

[169 — 193,1118,1118,1118,1118,1118,62,76,1118

I~

NoooaNK o T
O AT A4 AN dMM
~ ™ — 0 - Q ©
SHddAAAd
169\_/\_/08
S R B
< [e2 )]
AN g P,
221239
— O M~
253 74
N T3
® = o= >
- SN
L a1=
< ™ 8
S o =
o] Q=
= S
< ~—
N =
N
Wm = s
I = =
7 = )
o & =
| e =
=3 = =
8 = >
_— —_—— =
=
\|y/ M( =
= = | =
8
= — - 8
= B8 o
x S’ TN S’
= = =
5 | = =
= = =
) > -
~ —_— 8
~— ﬁ) by
_ =R g~
~— 8 —~— N =
=l =o2% ==
=Il52% 5=
Ra— R o T
8y — = N
ﬂu__u(w__u
=2 E=3=>
—_— L~ & —

—_ = —_—— e~

—_—~— R T~ ) —
oSN T g e R
B =R EBEI
Tl R =T 8 ——

e e e e e e e N

™M oM Lo Lo
AN N ™M Lo [e ]
o0 0O O [ce] [ee]
— — —
40%56969
AN M ML 0D
00 0O 0O 00 0O 00 OO 0O
R I e e |

—

[1859 — 129,1856

—

[1835 — 1885
[1835 — 1833

o~ — —

L

—

1961

[~

— e e —— e

1964,1963
2005

—

—

[2005 — 1885
[2005 — 1833
[2005 — 181,1886,88
[1899:2042,2050,2044,9

2042,2041

[~

2044,2043

—

2050,2049
2063

—

0

—

[2063 — 15
[2255 — 2063

Proof MOL-Sh-part2

— e —
e e e e e e

~— — —

e e e e e

—

—— —

— e e

[~

e e e e 1 e e e e e o 1 e e e e

4
5
4
4

N NNNTN NODNmAN N ©
© L ©OWOWW© ,© L ©©OON~INNIN ~
TN TN TN TANNNNNN TN
aNtTgrrrgrgrTr Tt T
ONOONNNNNSIOMNMNNON N N
@ — DO © = =@ © © © K © —(©
N NN N NNNNNN N
—_
l
=
— ~—
I
= .
—_ =
I 23
= =
w —_
= ==
w B = >
— N
= == !
= == =
= 22
- ==
= S il
= T = 5
= "a = I
= 2E =2 —_
y R — o ——~
= = = 9 > —_
= —— = Z\ly/ )
= LI S — —_= 8
== =2 =
= HEE= = EReYy
— > 22 & = __ B
= | Ta o= = =
) B I I soosE
= SIII=2=2>28 Z233 2
N Em= DTS2 2= ET = s
S aRTSS = 25 s
= E s, R T T s R '~
=8 8 D=2 T8 gD
" e === Dy ——m— 8 &8 3y
\l/|/l\\l/\l/y yn((z D~ e — ——
e = = PN N N T e
N R =88 D oy — = —
D= S e | =2 R
EESEREEES _SSREERRS
st aasaaclaa—-nwaa s ..

e e e e e e e e e e e e e e e e

75



oo oo N NN NNON NNFNNDORNR NN OO N hOooR oM TOoONONOOhoNDRRRR A mA KN
INENENENE Y E  H ] 887799996999809&0000008111160112222288883333
NNANANNNNTTANANANANNANANANOANZ T OOOOTONOOONONOOONOOONONANNN®OO®
(9p]
L T T Ottt e O Ottt e ettt gttt e e Y Y Y I M
OHOUMANAYTNANTANNONRMONMOLOADNM VORAIONNMTOTOOM®OWOSTITOT OO LW
NINN OO N~ OO —I~0—~0 OO OO0V 1V A0 A A A —OOONDd —qAN O —00 0 1 00
QLN NN NN NN NANN NN NOOANN OONANNNONDODO®N NONOD O0060 NNON®O
5]
Il
—_
=
=
=
=
5]
o= N 5] &
I & I o
—_— —~—— = =
= == . .
= ==
VN 53> = =
=3 1 == &
=Tr === === . =,=
=aR = _==
D= = —_— = > =1 =
2=2 a3 5 ==5 o
NI w2y R e N N
——= —-—=5 = = — DD RN g B Dy
s R == = = R NEIE
TR o=n AR = = = = I 2==5 Il 3=a=
N ——8% 2 =GN TR = = T D e NS
D a2 258 == | 0 = Too 22—
—= S E R _—m=T= R =® T 8~ - a2 oo 8RB R SFHIEE
1l Egs2===2 o= zaad B I SRR 20 || L= ==>—8"—
By 5~ N B L — N oW R o8 8D~ — —_ N~ T
e =22 s = = E=== & IZ-awnga_ ST gorm =T aasasgadm>
_= = BT s = — X 8 = R S =R S S s =T r T
ol s Il 1 222== oD o= No~=1l [l =1y nx Nl =l 3=l 222 ==2=Z
>R = =T~ 22T 8 — = — = —_ =2 AT e Dy & T oy s T e
R = DTy D 8 oy — &8 —~— T — NN~ s N s Sy — — R T T = = =
mEea R 2R s = R 2 s 2 s T a2 s s e o e s sl S S e s A s v RIS 8 8 & oo N T
2 ==i2==52 e d === 2E=== s = A
R R R S T e e e s - R R R R R oS s T T R R Ty R 2~ R S R RS T S e s R R e e R e e e e
—— e — e e e — L — — — — —— e — e — R — a2t R == Ly ——"——
||$$||||$(||$$$$$a||($11$A|$$1$(|1|$$$$(||||($$$$($$$$
B R R R R R R R DD R R R B e B B T B o r r s s D s S e e e e S

76



NN O N oS h oK oo o NN O NN O Mo N MY oo N MmO TN TOO N Do
MmMmMmm N Mmoo M ANMOOOANOOHOOHOOM Mmmom 33\—/3333333
r+Tr+rrrrrrrrrrOTTTTYTTYTTITITITITITITTTTITITITITITITITOTTTITTTT
4800256176132129256772940536636&34537764477$
O VOVOOANDD AN OFTONMNOAdTdOOOSNNEAdLW 0N O© O N LD DS —I WD o
PONNSIANIDNINIOIDDDAIDNDANDD0D00,05 0, 66,060,655 |
=
=
=
=
=
V
5]
=
—
=
>
5]
-
5]
=
e
. — Ay
e = = =
== I . =
=& G ~ =
—
& 8 2o~ = =
_= - oy —~ 8 V
—_— = = > [l 8
) ﬂ“ = s 2= —
- — —_— —_ oy
= == = == = = =
—= — = = 3= 8 — = 8 =
RN [l 7= [l R == e = I -
8 D —_ —_ = ey o~ > —_ —_ =2
—— 1 _=» = = R 5 = = = =
> = — 8 = > ==y LB = = = >
S & o~ == = — B —_ > ;R D
—='u5 8 2y Z 2ol == - |l B = || =
—_—~— 2 o _ = _ —_= —_— — ) —_~ &3 ~— —
—~—~ — oy —_n — T Ty T R Ty - N o~ —_—— 8
—— "5 n oy N = IS — e == o~ = —_ I NS D
gl A . L= R g e = == == ==2
8 Do oy W)) 1)$ — — —_— T~ — N (\l/y — == =
=== == 8 — > s 8 s =0 - == s Rl
SR == > == = E=="u|=m~xl [l = <= 8 " — ==
el =L IV B o RS T i e By TR RS 8y 8 =B
—— x5 S AT T R R o SRS e 2 2R e e o ===
—= 2] ] 2 3= = oo g 2= =52 || 222 g =Bl IlR2RT 2
—_——N = ~ Dy == — = oD— 8 =~ ] —_— = R o>y— o 8= &8
Bl A~ TN AT N A 2 A Ef D N2 RN~ 8RR~ —_——n 2= 8 Ty
S L= Ay 8 R~y 2wy N N Ty DY Sy N N~ =~ y“$)|)y$ = —
T 8~ —— o= Sl = ~E=2=EN =, g DI E=8 g "2 2=
SCE ST A 8 Dy — =~ —_ —~—T gy =T R o= = = = A s e ===
T = e e — s ey S A Dy oy oy S~ S DT D o N oy
—_ =g 8 a2 8 8 D oaaT P P T T o ey — 2 2y 2R R o222 2
S 2Ty — 8 g a8 20— =8 — T~ e~ =y ===
SR 4 L O DY o o 8 8 DD g R 8 8T 8 e T o e
L D D e o — — D — R T T ——— D R/ R 8 DDy DD —— D e —
o e S o o o R R R T e e == i s s e m e s e e 8 B
T o T T g s 2T 8 8 a oo ol o 222 s 28 a2 =S ey

T2 L h e I S D S, N R D g sl Sy I e e T D 2 Ty g = =
T o R R R R R R R KR T T T o RR R R DT RBRIOR R R R R R R R DOR R R R A
B B o B R R R RO B R R DD B D s e e

e e e e e M e e S e S S S S St e i e e S S e e e e e e e e S S e e e e e e e e e e e e et

oonhNONTHD
9896%9000
OO OANT N I
M694511M1
LW dd0 D (@]
AONOOHO0OOS,

® B

= |

S— —

=

=

—~ fan

—~ v

— I

==

ENS

AR

8 = B

— =

1 =="g

P N

== 2==

R D > B o=
—_——_—= ==
R I A dan ey

= - == ==
8 88—~
e BB
T T DD

77



—ere e

— e — —

e S S e S
e e e e

TN OO N ST O o NN godoohhoa o NNOoOTdThon o oN NI mMmMD oYY Y Y
NITITITAOOTO TITFToOFSTIS S ST TTIITIIISITITOTIISIS
L A A A <0 L A A A Ot R A A N A N R
9133_/_/34455_/4891209969696497999991990137933&87_/
OQd OOV AONANANANNAN —TANNMNNAANNOANONIOANNIINANTANNDANNO O OLDNOO n O O
IIDODEITIIIINT IIIIIIONOITILOIOOIOISIIDOIIOAISIIIISIIIIIIEY

—_

=

=

=

E

=

=~

=

==

=

)

=2

2"

==

E=

=

==

[ - =

2=

e~ I

22 ~ =

= = =

= )
== "= = 0 =
2= = = —
R E R = =2 =
= = — &2 =~
T=E2% o 2ERET 3 = =
) = = =
SE=2 = =S = )
S —C I =222 _ e B e B

D= 3 ) = I R N T2 BB ==
==l S o I = = P == == _Isa==

S— —~ - . —

EZT2 Rz 22 SRR SERERE SR =S=0n 2 =< = _Sso=22%
==25 =520, N NI T T RTG = 2l _ERasal
2E= = > ===
sESE=I SN E2nan S22 F 0l nEn IEE=20 =522 23555 s
=T =22 T 2 =BRE®F  mm R R = RE T 2T
—~— W ~— —~ N N L e U L e —~ N — — ~ —_—
SR BRI | 2= A =jm Do RAE R n B ey 0 ™ Dy Nll===11n111
—_—mm > R D= S =SS s s ey e e e el s s B a=
R e I N e T U PP e e 22T EREREE
e T e el | I | B e | e R
SRS ET R oS E TS o 2T A TS ST RT3t T s s~ =BT
ZSARE AR R oRgradR Ao R o 22 2o R
TR gEaaae ¥ R A S R R A S s T e S s e e 2R D>
R T T T R Ty 2T s T RS S S 2T S s s e o= R T B R R RS R =y =
B R R T R T R T R T T T T T T T T —m—— T R R R R TR T T — 8B R
—_—— B R R R R DR OR R 8RR R DO RO DD BRI R R R R

o e e e e S e S e e S S S S e S e S S S S S S e e e e o S e e e e e e e e S S St i e e e e e et

78



I & T TTATTTTTNMSSNSTSTSTSTSTSTTOOOOOLOOLOWOLOOLWLLSLW <STUOUOLOOLOLOLWLWLWLWLWLWLW
A Attt Ottt ettt et e ot Ot gt Y M Y
O A ANNANOOWOWWOO O N 0N 0 O O M N~ AN — M Ad NN OO OOMMNOMAONdNO
SISO YIOONSSSIOSNSISISIISISIILSSIODOLOSILOISIOLSIODODLOSIIOLANIIONITOS,

—_
R
—_
—_
N
—_
—_
= =
—_ R
—_ -
—_ =
R =
= =
—_—— —_ =
—_— —_ = —_
N> N ™~ =
— > 8 R = 2 = =
o = —_
o == I = -
> =N 8 R — = ) —_ =
= — _ —_ = =
—_— fn) — = — —_ - —_ —
&2 R © — —_ — 15 = = —_
B & s == s = = s = =
oy —_— N =~
[l = = 2 ) — o = B =
—_— ~— e — = —_— ~— =
= = —= — w I — — =
= = Il — I — 2 — oy
- = —_ —= 8 = — 8 = =
—— —— — — —_— y —_ ——
—_ N —_ e —_—— — = &3 —_ R =
—~ = « = N — —_ - = = —_— N
w > == 2z s = = = = 8 = —_
= o — 9 8y ~— — = = ~—~ = — = .
8 — - — = 83 = I - = ) &
== — —_ — ~— = I = = = =
—~ 8 T —~ _~ & — =8 = —_ — Dy~~~ —~ — TN TN — —_— —_— R ~
= =R v = N &R = = R e ey R BRE R S= o=
— = S ==Y =70 = = == =8 —~ > N === = Nl =w = X5 R = =
— — S > N = 8 — — — = N Dy~ —~ 83 P
= = =53 = 2 = 23 3 = ——m > 8= SR E SR
== = 2o =8sE = 8 8 o — = = = = 8 e oS || == ===~
2= S a2 = R 8 = 2l _Et=2== e B B N
N o D y($d(v(() — TR I o on B oy Dy oy — y\l/Z\l/ R N e N L% NSRRI
= Nl =111 _I == I ANEETEE e = EEE . = I
1 Z Il = & > | - =25 >==1 Il = I == (Il (Il
8 —_— —_ 8~ — - —_ = o~~~ IS —_—— =
N e i BN N RN i N i e T T B e L e e S ey e e e S LI R et e T D DD
T I I I =~ DR DB D DL~ 8 I I I I I I ey R~ ~ RN AT N =g & = =0T =T R e~
T N D DLIIRN—/— I D I 8 8y g 88 N——n DN DYDY DS I"'s=2=2=22= — R = s — N e — N R
o — = =8 P s R IR Sy — = = = = —_— e~ ~— o o8 8N T
DT Dy o> — —_—_— == STy 8 3 gy sy 8 Sy D2y e T =2 e B R
— N A e R e ey ] e = —_—e Nl =Ny sy D=2 BT R 8 8 8 e D — T —
N || === 3 SR N - | = || | Z2=E=mr === =4 =2 =2 == || B= R R — e 3= 3 3 3
~— )))|(M|)|| & \W/ )\W/)) W S S y\|y/(| DN Dy T e —~ R 2R == RIS |)(d(
=33 — == ST === - = = \ﬂ/))ﬁ )()(M|U == T a= S e N E —_— —
S N DY DY — N N e — e B~ 8y — —_n NN T Dy e e N TN e N
R =2 = T /a8 — D a =y — N N L N e 2 oy o/ /T =0 e N —
— e —_— N —— N — T — ——— — T — Y — e — O — /0 8 — YN/ N YYDy — T T T —— —— )
NN N N e N T M D T e D — T DY N T DT D — DY/ D NN N — N N e N e — e D T e T DY DY D) D D N R R 8 DI— D
N W NN/ D DN — DY — 8B T — 88— 8~ —— O — D DM — Y — DY/ g L —— —— W e e e e e
_——- e —_——— — Sy — — — — S = —_—— O oy — O — o o o =/ 8 oD O — DY — Dy DYy s T e
DY D D DY T DN e — DYy Y/ DY, R DY — R — R — —_— = — D/ R Ty =8 R 8 DD T
—_—— e — R T — R — D DR DD— D — e Y e D e Y T T ST e — e R ———— — DYy D DY
e R e e R e R I L T T Tt Tt GG T T e e
N N N N N N N NN NN NN
_R R DR e ~— ~— M R R DD R DR 88 T RN NN S N N L ]

B o e 8 R R R O e e e e e e e e e B N R N N N N e e e e e e e e e e e e e e e S S S

B N

79



— e e e e e 1 e e 1 e 1 e e o — e e e e = = e e 1 e 1 1 1 e e T o e e P P e

._H_195,823M501012335._H,_ _|:|:|:|:|:|.3324,._H:_H_30864,64,M4,2663588888
TSI RRRNRANELLOOBg N AN S d NS 4 O, O O 0 O WM D
R WO W W0 W00 W00 W0 g TTT eéeé T T3 T %454%4%%
T2 P TP TP TP T T TR oaolToas ! olrc To oo
YT NYRYINELRJL28TI o, — Q T &= —=—0MAN A~
T30 QOISO I0SS LD O,
—
-2
A
=3
Q
=
g
<
&
s -
= <<
= e
. —
= =
— — —_ =
—~— = —
= —_ = =) S
8 w = = — <
- — — R - — —_—
) — ~— = N > — —
= - =8 =% = = &
—_ E B === - = = —_ —_ 2=
- = =22 = S ST B - = ~ — — — — 8
2Era Tzl gl v xRy o ) = > TR
=R BN T — 8 e B R B — = = L = g 2RI
Rl TR llanliBaga=os==72> - =2 = I = = ===
ST = SE Rl ESTEE= = = o s . o~ ¥ =2 RESS=%
S22 2Nl eRE = =+ 2 = = S 2 Toga=
B = IO = 5 2 7 = > REE_-W
ST 22T anSssT A = = = =B o= 2 s
—2F L a—o=——amoos =% ER N v = 53 —
=" 22l ERE S T = - =g = = =y R —— 8
S22 TEREEEEESR I RRw I I SRS 3 TE= == =
= 3 BRI =T R R— 5 8 . X IE=_= T SR e oD~ 8 > — &
TRl s REEST =R T N T Ry e s R e e
"IN I T eSS 8T g B B oy ST Il S 2o 2l o, RS2 e A
Ea===Raaso===2—-"-2=I0 =TS TS =3 5=l hE _S=Eo==27220 5+
B N N NN B Ry e S e R Ty 2Ty = T e~ 2R e a2 228
T e ST S S oSS e s sa g = c e e L T2 =2- == I=llan=
88— B0 s 8 R o B = | = s == = =f =% S — === -~ D8y
T s T e s e e w e v e 8N 4 sy aawalialligleurnaeagalaaegygagagiyglal
e e e’ T e e e e e e e e e e e e e O % R O N N D e NN N NN NN DN T T
1
—
O
=
o)
5 o < Ty) S 8 K ©
2R NRTI N8RRI NRIBES o o = N « 2 9 9 o
%MSSSS MOM®DO © QO © O Q e ) TN OOONL D ATONDARO©OME O dN T LD
1o JTo BTo MTo MTo MTo JTo JTo Yo MY Mo Mo Yo BTo Yo MTo) a ANTOMNOAAAddNNANNNOONANTODOONODDOD O o

80



® O O G5O A A HO OO MPNQOOO0 QAT ITIT OO0 QQROAOTITIND SN NSNS TO MO
=4 7T NgMOOOmMOOddd g oA bbmDm LDOHLOLOANDST T T A N o=
T 8\_,\_,\_,\_,\_,\_,\_,\_,\_,\_,\_,\_,\_,\_, QRO NGN 1 1 1T 32\_,\_,\_,\_,\_, \_,5\_,\_,44\_,\_,\_,\_,\_,1\_,81\_,
N DdgoOdodadaNaaNaNdg IJFIK/A T19 D < o QoR T
N NNAdA®— T N . < a2 <
— SN HNOOOOH =m0 000 M- o NN A A Q ® Q loo 0 0 & & 8481% QN OO~ o]
= =, - M o0 o0 ™ 0 ©,
— Yo} loNe) o
T m o] =
al \—/ — —_
©w =) T
—_ = S o —_
~2 & (] ™ ~2
7N - =, ~ N
- 3 -
~
- S -
= S =
- @ -
0 ol 0
= & =
& =) &
o
_ ] _
< 5 <
e 0 e
oy o) oy
=< o, - =<
Q — Q
~— e —~ ~—
— e~ 2 —_
—_ e~ - oy
— e =
_ ——~ —_—— NN —
S = =22 o= = S
= — = i
= —=T = 88 — == = \W/\l/ =T
= —_—_= = 9 —_— — =~ -
— == [l == = > — = D —
w2 © —~ SRS w 8 — = 8 >
=0 = = 8 2> — = == > — = = =2 -0
= = == > = N = > _= =R =
=& — = —_
L Z2Es = 27 TyETIE I3 =37 2 TaIiisEisacs
-V ——~~ - T -V o~ y|| -V -V -V
= EBERTE . 8 = — = e BEREE ooy sl o E oo DREZBR=ZEBWER
== > == g e =T =) =) )W|x DTN = = = <
[l [l 8 |l o zZ > 8 oS ==l msn il =s&llg==1i1=1n1=n1=21
et R == 5y = ) Z(y))$ ~— ~— IR SN N I I —
—_ —_— — — = n = — T w e e —_— o — o e  m — —
o N =T~ > | —_— > D oy = — — el | —_— I e e L o L I —_ e e N N R Nt
= w2 == 1w = S22 a=n || =_RRR= > 8 NNt | R || S22 = =l 2N =
VAT Ty D~ B R R oo o= R R o N — e 8 — 8 8 8 W R
—_— 8 T~ —_— 0 —_— oy — —_— _ — —~ 8 —_ 8 P — T L~ — —_
Ty — = — o> o8 || — D= — ] = —_— —_— =l o 8 g =2 o5— = =
e N T T P e . U R e NI GG I It
Y — T N D — B R TS RNl RNy o 28T o — o a8l =2 —T g/ —— o=
— __ —_ —_— = _——— gy =X =z - =" =" === T A ~= _ T ~— == -
& R e e T Y e R e A s 2 e S T TR R ST RS E T 3 e e a2 el a2 R e
Ty gl R S P S S L D D D L N Ny D R R D R Ty g 2 8y Ty g Ty 20
— S ST g — s 8 R R R RBR Ty o8 8 R R —— 8 8RR 8 8 — 8 Ry —
S o Sl sl ll g g lll il 580 8 8883 3lsllgllccliggalagat e
Sl oo o i o o o S i o o o sl T o o i ol S L il Sl s i s i T i s i i i s E 2
© © o M o)) 0 [40) o W 0 —

N~ o m m (o] (] o o M o m -

- N N N N O o DO SO NDONONO©AdMm®
123M260278278862%1602852924881%59512801729912013446972
leNeoNe] NTOOMNNOOOANM DO ONMOOYNNOWOQ OO ANMIINHNEOOMOVOOMNOO Ao O
Ad A ddAddddTddNNNNNNNNOTOTOOOOEONSTITITIOOHOOOLOOODOLOODOONOAAAAAAAAAAA

81



2276 (((CTAANIBICNA)(AIDNI(BIA)) # A | $Ans(MOL_Sh) [88 — 1728]
3039 ((l(yl¥)ly) = (yly) [35 — 192,25,36]
3306 (((CTAJANIC(CIBIANIC) A [(AID)I(BIA)) # A | $Ans(MOL_Sh) [88 — 2276]
3457 (([(1(y[2))(wly) =y [88 — 226]
24718470 (((«l)l(s12))ly) = (11((o12) (1)) (3039 302,444
57175716 (2 |((s1) )| (ul(11(6l)) = (1[N ((512)12))) [335 » 328,237]
6399 (((CTAJANICICHBIAN A (AID)I(BIA)) # A | $Ans(MOL_Sh) [88 — 3306]
11420 (z|((y|(x|ly)|(x]2))) = (#]2) [382 — 552,25,300,234]
12749 ((=|)(C((zly)]2)]e) = = [382 — 570,177,300,234]
13756 (((CTAANICANCICTBIANDDIAIDNI(BIA)) # A | $Ans(MOL_Sh) [88 — 6399
19707 (((CTAJANIANCCTBIANDIDIANI(BIA)) # A | $Ans(MOL_Sh)  [88— 13756]
2175921758 ((z[y)|((<I(ul(lu))ly) = v [83 > 1014]
24702,24701 (((=]|y)|(¥]2)), 1) = (yl((z|v)|(y|=))) [1109 — 1147,4471,939,637]
26279,26278 (1|(z|((yl=)|(x]2)))) = ((y|x)|(x]z)) [1191 — 362,24702,5717]
26698 (((CTAANI DI (ACICBIANNI(BIA)) # A | $Ans(MOL_Sh)  [88— 19707]
31493 ((DIAALCICBIADICIA[ANI(B]A) # A | $Ans(MOL_Sh)  [88— 26698]
33323 (DA CICTBIADDICIAIANIAIB)) # A | $Ans(MOL.Sh)  [88— 31493]
46866 (] ((yl(yl))[(2]2))) = (z]2) [88 — 11420]
48054,48053 ((z|y)|((z|(z|(z]y))|x)) = = [88 — 12749]
51292,51291 ((=|y)|((z|(z]|(z|¥))|y)) = ¥ [21758 — 46866,21759]
51357 ()|l (=|(2]9))))) =y [1022 — 46866,51292]
51361 (=) (=|(z|(z](x|9)))) = = [478 — 46866,48054]
65437,65436 ((=|(y|(yl(z|2)))|(x]z)) = = [51357 — 51361,591]
97556 (=) () (zl))N(z]z) = = [1166 — 3457,26279]
97921,97920 (((|y)[(y]=))I(ul(yly))) = (1|((y]2)[(x]y))) [97556 — 1673,4471]
98134 A#£ A | $Ans(MOL_Sh [33323:97921,369,65437,207]
98135 $Ans(MOL_Sh) [98134,1]

4 The Computer Programs

See the primary paper [8].

5 Conclusion

See the primary paper [8].
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